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Abstract

Many macroeconomic models struggle to explain the sluggish response of aggregate vari-
ables to sudden shocks and changes in policy. While numerous theories of adjustment frictions
and bounded rationality have been proposed to explain this macroeconomic inertia, no con-
sensus has emerged among them. I show that canonical heterogeneous-agent models—the
Blanchard (1985) perpetual youth and Bewley (1986) incomplete markets models—are con-
sistent with aggregate consumption inertia if agents’ average expectations align with survey
expectations of income and interest rates. To determine the causes and analyze the policy im-
plications of inertia, I adopt a model of frictional Bayesian learning that can explain patterns
of forecast errors in expectations data that existing theories struggle to account for. Incorporat-
ing this form of learning into a standard heterogeneous-agent New Keynesian environment,
I provide a theory for how inertia arises endogenously. Inertia results when the equilibrium
amplification of an initial shock exceeds expectations, causing expectations to slowly become
unanchored. This theory yields a novel drawback to inertial monetary policy rules and the
delayed financing of fiscal deficits: Policy regimes that act more gradually experience longer
transmission lags.
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1 Introduction

Macroeconomic variables often display a sluggish response to sudden shocks and policy changes1.
Understanding the sources of this macroeconomic inertia is an important challenge for busi-
ness cycle research for two reasons. First, long lags in monetary and fiscal policy transmission
make them unreliable tools for stabilizing business cycle fluctuations. Second, the textbook
New Keynesian model, a leading framework for business cycle analysis, cannot rationalize
these slow responses and instead predicts that policy actions should have immediate effects.
Theories of adjustment frictions and bounded rationality have been proposed to limit agents’
responsiveness and foresight, two features that prevent this model from generating inertia.
However, no consensus has emerged as for which theory best accounts for the evidence.

This paper focuses on explaining the observed inertia in aggregate consumer spending be-
cause it plays a central role in facilitating monetary and fiscal policy transmission. I first adopt
a semi-structural approach to analyze consumption-savings models without imposing restric-
tive assumptions on expectation formation. My goal is to identify whether the basic structure
of these models is consistent with aggregate consumption inertia without taking a stand on
how expectations are formed. I first compute the empirical impulse responses of survey expec-
tations and realizations of income and interest rates to an identified shock. I then test whether
model-implied consumption, conditional on these measured income and interest rate paths,
matches the empirical consumption impulse response.

My first main result finds that canonical heterogeneous-agent models2 can match observed
aggregate consumption inertia if agents’ average expectations of income and interest rates align
with average survey expectations. In contrast, the standard representative-agent model implies
an overly muted consumption response that fails to match observed consumption because of
agents’ low marginal propensities to consume.

The consistency of heterogeneous-agent models with aggregate consumption inertia does
not explain the underlying causes of inertia. I next adopt a fully structural approach to develop
an equilibrium theory of inertia, using a model of frictional Bayesian learning disciplined by
the expectations data and a New Keynesian equilibrium environment.

My second main result explains why heterogeneous-agent models are not only consistent
with aggregate consumption inertia but also fundamentally contribute to its emergence. Inertia
arises when the “belief multiplier”, a key model quantity representing the size of equilibrium
amplification, interacts with learning frictions to prolong shock propagation. This interaction
is summarized by a positive feedback loop following an initial shock. Consumption based
on distorted beliefs induces unexpectedly large amplification in equilibrium output. This sur-
prise reinforces the initial distortion in beliefs, which is only gradually corrected. Notably,
the equilibrium amplification from the belief multiplier is only large in heterogeneous-agent
economies. This feedback mechanism also makes policies that require agents to reason through
the future equilibrium consequences of existing policy commitments less effective and delays
policy transmission as a result.

1These include monetary policy shocks (Romer and Romer 2004), productivity shocks (Kurmann and Sims 2021),
government spending shocks (Ramey 2011), oil price shocks (Känzig 2021), and “max-share” shocks that explain the
majority of business cycle fluctuations in a large panel of macroeconomic aggregates (Angeletos et al. 2020).

2I focus on the perpetual youth, overlapping generations model (Blanchard 1985, Yaari 1965) and the standard
incomplete markets model with idiosyncratic risk and borrowing constraints (Bewley 1986, Imrohoroğlu 1989, Huggett
1993, Aiyagari 1994).
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A semi-structural approach to matching observed inertia Can we test the consistency
of consumption-savings models with observed consumption inertia without relying on any
particular theory of adjustment frictions or expectation formation? I address this question
by building on the approaches in Auclert et al. (2020) and Bardóczy and Guerreiro (2023) to
solve and estimate heterogeneous-agent models without the rational expectations assumption.
I utilize an “aggregate consumption function” representation implied by these models that
remains agnostic to how expectations are formed. This function takes in the full history of
(cross-sectional) average subjective expectations formed for all future horizons and the realiza-
tions of aggregate income and interest rates. I then replace the average subjective expectation
of agents within the model with the average expectation reported in the survey data. Given
that these data are available3, one can simply plug them into this model representation and
evaluate model-implied aggregate consumption.

To assess model-implied consumption impulse responses against empirical ones, I build on
the estimation approach from Barnichon and Mesters (2020) and Lewis and Mertens (2022).
In contrast to traditional impulse response matching (Christiano et al. 2005), which requires a
fully specified equilibrium model, I directly use the empirical impulse responses of realized
and expected income and interest rates to compute the model-implied consumption response
to the same identified shock. “Regressing” the model-implied impulse response of consump-
tion on its observed response to estimate model parameters can be interpreted as an impulse
response matching method that relies on fewer structural assumptions. This approach nar-
rowly focuses on the consistency of consumption models with consumption inertia without
introducing a potentially misspecified model of expectation formation or confounding compo-
nents of the equilibrium environment that may independently induce inertia.

Given the dynamics of survey expectations are sufficient to generate model-implied con-
sumption inertia that matches the data, what features or biases explain the expectations data?
The patterns of forecast errors in survey expectations are inconsistent with full-information
rational expectations, which requires the ex-ante unpredictability of ex-post forecast errors.
Models of bounded rationality that uniformly predict under- or overreaction relative to the
full-information rational expectations cannot explain the varying degrees of under- and over-
reaction of survey expectations across variables and time.

The simplest explanation for this bias turns out to be persistent over-extrapolation of the
current observation to expectations of future horizons. For example, upon observing the cur-
rent period income realization conditional on the shock, average forecaster expectations of
future income anchor on the current realization. If income is low today, they expect it to re-
main at the same level tomorrow and so on. If the path of income displays a hump-shaped
profile, over-extrapolation entails initial underreaction and eventual overreaction. This over-
extrapolation can also be fairly long-lived, in certain cases persisting for many quarters after
the initial shock impact period.

Inertia as an equilibrium phenomenon Why do expectations that over-extrapolate result
in aggregate consumption inertia? To jointly explain these features of the data and to consider
policy counterfactuals, I now impose additional structure in the form of a model of expectation

3Far-horizon expectations that are not reported in the survey data need to be extrapolated. I discuss the details of
this procedure briefly in Section 3.4 and also in Appendix A.3.
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formation, disciplined to the expectations data, and a standard New Keynesian equilibrium
environment. Expectations are formed via Bayesian learning4 in an information environment
where fundamental shocks are comprised of transitory and persistent components that are
imperfectly observed. When agents mistakenly attribute a transitory change in the observed
variable to a persistent shock, their expectations over-extrapolate from the current observation.

Even in the rational learning baseline, agents cannot immediately disentangle the transi-
tory from the persistent shock components. However, the impact on equilibrium output of
their consumption decisions based on these imperfect beliefs does not distort their ability to
learn about these shocks. They understand how equilibrium output responds endogenously
to their actions and therefore can learn about the shocks by observing output over time just as
effectively as if it were a pure tracking problem.

I consider an important deviation from this baseline by imposing agents’ perceived equi-
librium output law of motion is “truncated” relative to the actual equilibrium output law of
motion5. For example, if the actual equilibrium output law of motion is a function of the full
history of shocks, the perceived law of motion may only account for a few recent periods. The
consequence is that agents cannot fully internalize the general equilibrium consequences of
their misinformed actions on the evolution of their future beliefs. Hence, overly responsive
consumption to a transitory demand shock increases realized output (income) in equilibrium
by more than expected, thereby reinforcing beliefs that the shock itself was persistent. This
positive feedback loop results in the endogenous unanchoring of expectations, which prolongs
amplification, impedes learning, and results in inertia.

The two key factors that determine consumption inertia, the size of equilibrium amplifica-
tion and the degree of unanchoring, are connected by a “belief multiplier” χ. The multiplier
χ increases in the income sensitivity of consumption demand but decreases in the interest rate
sensitivity. Consequently, it tends to be large in heterogeneous-agent economies but small or
even negative in representative-agent ones. I demonstrate formally that inertia emerges when
the belief multiplier χ is positive and sufficiently large but is absent otherwise.

How inertia influences policy transmission New trade-offs in stabilization policy arise
because shocks are imperfectly observed and their equilibrium consequences are imperfectly
understood. A more responsive Taylor rule lowers the belief multiplier χ and tends to reduce
inertia. However, an overly-responsive Taylor rule can destabilize the economy. As the Taylor
rule coefficient on output6 crosses an upper threshold, the contribution of positive future out-
put beliefs to current output are outweighed by expected future interest rate contractions. This
produces a negative feedback loop between output and beliefs that increases output volatility. I
show that a Taylor rule that is not overly-responsive can balance the reduction of inertial prop-
agation against the risk of destabilizing output and beliefs. However, to achieve this balance

4This form of learning has also been shown to explain systematic patterns in expectations bias in cross-sectional,
experimental, and unconditional time-series evidence (Afrouzi et al. 2023, Crump et al. 2023, Farmer et al. 2024, Nagel
2024).

5One interpretation of this friction is that agent cognition faces a complexity limit as in Molavi (2022) or a memory
constraint as in Azeredo da Silveira et al. (2024).

6For the monetary policy examples, I focus on real output stabilization with respect to demand shocks, given that
the divine coincidence of output and inflation stabilization holds in my setting (Blanchard and Galı́ 2007). Therefore, to
simplify analysis I adopt a “real” Taylor rule, which sets the ex-ante real interest rate, conditional on current inflation
expectations, as a function of real output (Auclert et al. 2024).
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the monetary authority must allow partial pass-through of the initial shock7.
I next consider the choice of a lagged or “inertial” term in the Taylor rule. With this spec-

ification, interest rate policy responds to current output fluctuations but also passes through
changes in past policy rates. In standard rational expectations settings, forward-looking agents
can understand the dynamic equilibrium implications of interest rate changes stemming from
both of these causes equally well. Because agents are able to accurately reason about the far-
horizon equilibrium effects of interest rates, highly inertial policy rules can have powerful
stabilizing effects on current output even if the current response of interest rates is muted.

I compare the counterfactual implications of demand shock transmission under two mon-
etary policy regimes that vary by the degree of policy inertia. These regimes are chosen to
obtain the same discounted sum of squared output deviations, a proxy measure for welfare
loss, under rational expectations. However, under frictional learning, the “gradual regime”
that has higher policy rule inertia results in larger welfare losses than the low policy inertia
regime. The reason is that learning frictions impair agents’ ability to comprehend the dynamic
equilibrium effects that make inertial Taylor rules effective under rational expectations. When
the policy response to a demand shock is delayed, agents instead perceive policy to be less re-
sponsive overall. This increases the degree to which expectations are unanchored and reduces
the effective amount of stabilization.

Learning frictions also alter the transmission of deficit-financed fiscal policy through the
same mechanism. Angeletos et al. (2023) show that the delayed financing of a one-time, unan-
ticipated transfer can substantially amplify the output response to this policy shock under ra-
tional expectations. I consider this exercise in a model with learning frictions and show that
the peak and cumulative responses of output to a transfer shock shift further out in time as
financing is delayed. This shift may be undesirable if policymakers aim to enact a timely and
short-lived fiscal stimulus.

Related literature This paper relates to a large literature that seeks to understand and
quantify the sources of macroeconomic inertia. A major strand of this literature focuses on
preference- and technology-based explanations for the slow adjustment of aggregate vari-
ables, such as consumption, inflation, and investment. The main preference-based explana-
tion for consumption takes the form of habit formation in consumption spending (Fuhrer 2000,
Dynan 2000, Chetty and Szeidl 2016, Havranek et al. 2017). A separate strand relaxes the
full-information, rational expectations (FIRE) assumption, dampening the responsiveness of
forward-looking decisions to generate inertia. Theories that depart from FIRE and generate
inertia include adaptive learning (Evans and Honkapohja 1999, Williams 2003, Eusepi and Pre-
ston 2011, Milani 2011), incomplete information (Woodford 2001), sticky information and ex-
pectations (Mankiw and Reis 2002, Carroll et al. 2020), and rational and behavioral inattention
(Sims 2003, Luo 2008, Maćkowiak and Wiederholt 2015, Gabaix 2019).

Auclert et al. (2020) was the first paper to point out that models with consumption habits
and FIRE cannot simultaneously produce sluggish aggregate consumption adjustment and
high marginal propensities to consume (MPCs) in line with microeconomic evidence. They
demonstrate that heterogeneous-agent New Keynesian (HANK) models capable of matching

7Eusepi et al. (2024) and Christiano and Takahashi (2020) derive similar results showing overly-restrictive policy can
be undesirable.
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high MPCs must therefore relax the FIRE assumption to be able to match aggregate consump-
tion inertia. Bardóczy and Guerreiro (2023) extend the methodological approach introduced
by Auclert et al. (2020) and demonstrate that HANK models can be estimated by replacing
a model of expectation formation directly with expectations data using the impulse response
matching estimation framework of Christiano et al. (2005).

My paper builds on the approaches of Auclert et al. (2020) and Bardóczy and Guerreiro
(2023) by showing that the same methodology can be applied to estimate parameters of the
heterogeneous-agent consumption-savings decision without imposing a model of expectation
formation or the New Keynesian equilibrium assumptions. I do this by adopting the instru-
mental variables approach of Barnichon and Mesters (2020) and Lewis and Mertens (2022).
This approach allows me to retain the impulse response matching interpretation of my results
without needing to compute model-implied impulse responses within a fully-specified equi-
librium model or impose a model of expectation formation.

My paper extends the literature that use survey expectations data for solving and estimat-
ing structural models following Manski (2004), Manski (2018). Piazzesi and Schneider (2009)
use expectations of housing market and business conditions to characterize boom-bust cycles
in a search model of housing transactions. Del Negro and Eusepi (2011) incorporate survey in-
flation expectations into a Bayesian estimation framework for representative-agent equilibrium
models with rational expectations. Kosar and O’Dea (2023) discuss wide-ranging applications
of expectations data in estimating models of individual and household behavior.

The theoretical results in my paper complement the work of Angeletos and Huo (2021) and
Christiano et al. (2024), which contain similar mechanisms. In these papers, when measures
of equilibrium amplification or complementarity are large, learning is delayed and inertia can
be prolonged. In contrast to Angeletos and Huo (2021), the model of expectation formation
I adopt admits a tractable form for the belief law of motion, where the amplification param-
eter is a simple function of structural primitives. This allows me to analytically characterize
the joint evolution of beliefs with equilibrium outcomes. Christiano et al. (2024) focuses on
characterizing the speed of convergence of the perceived equilibrium law of motion to the ra-
tional expectations equilibrium. The focus of my analysis is instead on the learning behavior
of Bayesian agents with fixed, potentially-flawed perceived laws of motion trying to infer im-
perfectly observable shocks.

Molavi (2022) is a closely related paper that demonstrates that inertia can arise when agents
are constrained to entertain low-dimensional state-space representations of the equilibrium
law of motion. I show that this inertia can be exaggerated when distorted beliefs formed by a
similar, low-dimensional state-space model are reinforced due to an equilibrium feedback loop
that is particularly strong in heterogeneous-agent economies.

Eusepi et al. (2024) demonstrates the equilibrium implications of the same model of expec-
tation formation in a representative-agent New Keynesian model but with a different focus.
While these authors prioritize illustrating the limits of short-run stabilization policy when ex-
pectations over-extrapolate, a theme I revisit briefly in the policy section of this paper, I focus on
the contribution of over-extrapolating expectations in generating inertia and the consequences
of this inertia for policy conduct.
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2 Model-Implied Impulse Responses Using Expectations Data

This section demonstrates how to compute model-implied impulse responses from structural
models with only a limited set of assumptions. The goal is to show how impulse responses
using the minimal structure implied by heterogeneous-agent models can rationalize observed
aggregate consumption inertia. I first demonstrate how to substitute expectations data into
these models in place of a particular model of expectation formation, such as rational expecta-
tions. As opposed to specifying an equilibrium environment to determine income and interest
rates, I then use empirical impulse responses of realizations and survey expectations of these
variables instead. I first illustrate this approach in a familiar representative-agent example and
then proceed to the heterogeneous-agent case.

2.1 Representative-agent example

To justify later substituting expectations data, I start by assuming subjective expectations Et are
arbitrary. Given this, a representative household solves the following standard consumption-
savings problem

max
Ct ,At

∞

∑
t=0

βtζtE0

[
C1−σ−1

t
1 − σ−1

]
s. to Ct + At = Yt + (1 + rt−1)At−1

The household consumes Ct and saves in a one-period, risk-free asset At, taking as given real
income Yt, ex-ante real interest rates rt, and a discount factor shock ζt.

Taking first-order conditions and linearizing around the steady-state β(1 + r) = 1, we ob-
tain the consumption function, given subjective expectations Et[·]. Let Wt := rt−1 A + (1 +

r)At−1 denote financial wealth and γ := σβ − (1 − β)A denote the net interest rate elasticity.

Ct = (1 − β)

(
∞

∑
h=0

βhEt[Yt+h] + Wt

)
− γ

∞

∑
h=0

βh+1Et[rt+h] + εt (1)

I will treat εt as the primitive demand shock, as opposed to the discount factor shock ζt. This
shock plays the role of an unobserved source of endogeneity faced by the econometrician in
trying to estimate parameters of the household problem. I assume current-period variables
Yt, rt are directly observed by households in that period and equivalently denoted as horizon
h = 0 expectations. That is, Et[Yt] ≡ Yt, Et[rt] ≡ rt. This serves to simplify the information
structure and ease interpretation of the problem. I relax this assumption in the heterogeneous-
agent case.

Suppose we want to estimate the model given in Equation (1) to match the empirical im-
pulse response of consumption Ct to an externally-identified, exogenous shock zt. The classic
approach in the literature introduced by Christiano et al. (2005) is to impose full-information ra-
tional expectations and construct a fully-specified general equilibrium model, which includes
Equation (1). Then, choosing a shock within the equilibrium model that is analogous to the
externally-identified shock zt, one can estimate the model’s free parameters by fitting the model
impulse response to the empirical one.
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Denote the net present value of expected income and rates as

Yt :=
∞

∑
h=0

βhEt[Yt+h]

Rt :=
∞

∑
h=0

βh+1Et[rt+h]

Instead of then imposing assumptions on expectation formation to map Yt,Rt to current
period state variables, one could instead substitute expectations data in place of model subjec-
tive expectations. Suppose we have imperfectly measured expectations data for income and
interest rates for all future horizons, denoted by the expectations operator Edata

t . Substituting
them into the net present value expressions denoting the new quantities as Ydata

t ,Rdata
t and

collecting the differences into the measurement error term µt := Yt − Ydata
t +Rt −Rdata

t , we
obtain

Ct = (1 − β)
(
Ydata

t + Wt

)
− γRdata

t + εt + µt (2)

How do we compute model-implied impulse responses from Equation (2)? Following Bar-
nichon and Mesters (2020), I adopt a semi-structural approach for computing model-implied
impulse responses. A key intuition from this paper is the equivalence of instrumental vari-
ables estimation of Equation (2) using current and lagged values of the shock {zt−ℓ}ℓ≥0 and
ordinary least-squares regression on impulse responses of the variables to the shock zt. I make
the following standard instrumental variables assumptions

Exogeneity E[εtzt−ℓ] = E[µtzt−ℓ] = 0, ∀ℓ ≥ 0

Relevance E
[
Rdata

t zt−ℓ

]
̸= 0

Note Ydata
t does not show up in the relevance condition because the discount factor β =

(1 + r)−1 is a known quantity. The net interest rate elasticity γ contains the elasticity of in-
tertemporal substitution (EIS) σ, which is the only free parameter to estimate. Post-multiplying
and taking expectations we see immediately that the new explanatory and response variables
are unnormalized estimands of a local projection onto the shock zt or equivalently their im-
pulse responses

E[Ctzt−ℓ] = (1 − β)
(

E[(Ydata
t + Wt)zt−ℓ]

)
− γE[Rdata

t zt−ℓ], ℓ ≥ 0

The left-hand side of the above expression can be interpreted as the impulse response of con-
sumption to the shock {zt−ℓ}ℓ≥0 implied by the representative-agent model.

To write a more general representation of the consumption function that will lead us to the
heterogeneous-agent case, let’s re-consider Equation (2). Model-implied consumption Ct is the
sum of endogenous and exogenous components, Ct, Et respectively

Ct = Ct(Ydata
t ,Rdata

t , Wt; σ) + Et(εt, µt) (3)

Using the household budget constraint we can recursively substitute the asset state At−1 out
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of the above expression we obtain an alternate representation

Ct = Ct({Ydata
τ ,Rdata

τ , rτ−1 A}τ≤t; σ) + Et({ετ , µτ}τ≤t) (4)

These representations are connected by a simple but useful intuition. Current financial
wealth accumulates the total effect of past consumption-savings decisions based on past expec-
tations and realizations on current consumption. By integrating out this state variable, we can
instead compute the individual contribution of a particular past belief, say Edata

τ [Yτ+h], on past
expected income Ydata

t and in turn on current consumption Ct through Equation (4).
While state variables like Wt are low-dimensional in representative-agent models, they can

be function-valued in heterogeneous-agent models. This complicates both measuring these
variables in the data and obtaining solution representations in the form of Equation (3). How-
ever, as I will show in the following section, with a few limited assumptions one can obtain an
analogous aggregate consumption function representation to Equation (4) in heterogeneous-
agent models, like the standard incomplete markets model.

To conclude this example, applying our instrumental variables conditions to Equation (4)
we have the moment condition that encapsulates model-implied impulse response estimation

E[(Ct − Ct({Ydata
τ ,Rdata

τ , rτ−1 A}τ≤t; σ0))zt−ℓ] = 0, ℓ ≥ 0 (5)

when σ = σ0, the true parameter value. I proceed to set up the general moment conditions that
I will use in model estimation in Section 3, which include Equation (5) as a special case.

2.2 Heterogeneous-agent consumption functions and moment conditions

I now derive a moment condition akin to Equation (5) for a class of heterogeneous-agent mod-
els that include idiosyncratic risk, incomplete markets, and borrowing constraints (Bewley
1986, Imrohoroğlu 1989, Huggett 1993, Aiyagari 1994). Doing so allows us to assess whether
the heterogeneous-agent, model-implied impulse response of aggregate consumption matches
the empirical impulse response well. I first follow Auclert et al. (2020), Auclert et al. (2021), and
Bardóczy and Guerreiro (2023)8 to demonstrate how aggregated consumption decisions from
a first-order solution of heterogeneous-agent models can be written as functions of histories of
average subjective expectations and realizations. I then adopt a separate estimation approach
and outline the assumptions required to construct the moment conditions.

Dynamic programming problem setup Suppose individuals-i have time-t subjective ex-
pectations Ei,t[·]. Let an individual-i’s optimization problem be defined by the following value
function with common structural parameters θ that we seek to estimate

vi,t = v(Ei,t[vi,t+1], Si,t; θ) (6)

An individual-i’s state Si,t = (si,t, Xt) has an idiosyncratic component si,t and an aggregate

8The problem setup that leads to the consumption function derivation is also outlined in Bardóczy and Guerreiro
(2023), albeit focusing on a different representation of this consumption function in terms of forecast errors and revi-
sions. These representations are equivalent.
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one Xt. Individuals-i take aggregates Xt as given9, which represent either aggregate exogenous
shocks or aggregate endogenous variables determined in equilibrium. I purposefully deviate
from the usual definition of the state Si,t, which includes the full information set of expectation
Ei,t, to help conceptually separate variables which directly influence the decision problem in
Equation (6) via current constraints and flow payoffs, denoted Si,t, and those that may also in-
fluence expectation formation, implicit in Ei,t. This distinction allows me to state assumptions
more clearly.

Assumption 1. (Idiosyncratic rationality) Exogenous idiosyncratic states xi,t ⊂ si,t are stochas-
tic processes described by a finite-state, positive recurrent Markov chain that is common and
known across individuals-i.

Because I focus on the effects of the bias in average expectations on aggregate realizations, I
reduce the generality of this problem setup, only considering deviations from full-information,
rational expectations at the aggregate level. By Assumption 1, subjective expectations of func-
tions of idiosyncratic states are therefore taken with respect to their true density. I place the
following additional structure on subjective expectations.

Assumption 2. Individual-i, time-t subjective conditional expectations Ei,t[·] satisfy

a) Consistency Ei,t[vi,t+h] = Ei,t[v(Ei,t+h[vi,t+h+1], Si,t+h; θ)] for h > 1 via Equation (6)

b) Independence variables inducing heterogeneity in Ei,t are independent of si,t

c) Law of iterated expectations

The main substantive assumption is independence, which restricts correlated heterogene-
ity in expectations of aggregate variables with individual-level characteristics. An example of
a violation of this assumption would be if individual attention correlated with the incidence of
aggregate income on individual income, as in Guerreiro (2023). While this restriction is not in-
nocuous, I proceed with it nonetheless given many theories of bounded rationality with respect
to aggregate variables, such as sticky or exogenous noisy information, satisfy this condition.

Let I denote the index set of all individuals-i. The law of motion of the full distribution of
individual-i state variables Dt is then defined by the transition equation

Dt+1 = Λ({vi,t}i∈I , Xt, Dt) (7)

The aggregation of individual decision rules yi,t(Ei,t[vi,t+1], Xt; θi) is given by

Yt = Y({yi,t(vi,t)}i∈I , Dt) (8)

for a scalar, aggregate output variable Yt.

Definition 1. A steady state ({vi, si}i∈I , D, X, Y) is the constant-valued fixed point consistent
with (6, 7, 8).

Given Assumptions 1, 2 and the system of equations (6, 7, 8), the first-order response (locally

9That is, they act as if they are atomistic with respect to aggregate outcomes Xt, even though their actions may
collectively determine Xt variables in equilibrium.
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around a steady state) of aggregated decisions Yt to an aggregate shock Xt is given by

Yt = ∑
τ ≤ t

∑
h≥0

∑
X∈X

FX
t−τ,h(θ)Eτ [Xτ+h] (9)

where FX
t−τ,h(θ) is the (t − τ, h) entry of the “fake news” matrix FX , defined in Auclert et al.

(2021) for an aggregate output variable Y with respect to an aggregate input variable X.

Our earlier representative-agent consumption function fits into the general representation
given by Equation (9). Given the standard incomplete markets model of household consumption-
savings (Bewley 1986, Imrohoroğlu 1989, Huggett 1993, Aiyagari 1994) can be defined by the
above system, we can derive a consumption function for this model under the same limited set
of assumptions on expectation formation.

Let us consider the heterogeneous-agent consumption function implied by Equation (9) and
interpret the coefficients on its typical inputs: income, interest rates, and demand shocks10.

Ct = ∑
τ≤t

∑
h≥0

FY
t−τ,hEτ [Yτ+h] +F r

t−τ,hEτ [rτ+h] +F ε
t−τ,hEτ [ετ+h]

Similarly to the representative-agent case in Equation (4), aggregate consumption is a function
of both current and past (average) expectations of income, interest rates, and demand shocks.
The coefficient FY

t−τ,h can be interpreted as the effect on consumption at time-t of a change in
expectations formed at an earlier time-τ of time-τ + h income holding all other beliefs and real-
izations across time and variables fixed. While Auclert et al. (2021) offers a detailed explanation
of these terms, I offer an intuitive explanation to help understand its construction.

Suppose at time-τ households suddenly thought income at a future time-τ + h would be
higher. Given these beliefs, they would borrow in advance of the future income receipt to
smooth consumption. However, given other beliefs and realizations are fixed, in the next pe-
riod time-τ + 1 households realize their expectation in the prior period was mistaken, hence
the name “fake news”. Nonetheless, the consequences of dissaving or borrowing in the prior
period affect the wealth they inherit in the current period. This in turn affects their subsequent
savings decisions many periods afterward, resulting in consequences that last through time-t.

The logic of the coefficients in F applies identically whether expectations are formed with
full-information rational expectations, or any other deviation satisfying the above assumptions.
If households collectively expect future income will be higher, the average effect on consump-
tion from the mean belief11 is the same irrespective of whether the mean belief is accurate or
distorted. Likewise, when the future period arrives and realized income is lower or higher
than expected, the effect on household spending is equivalent to the effect of an unanticipated
income shock. Spending out of this unanticipated income shock is the sum of spending out
of realized current income, which is not a function of expectations, and spending out of antic-
ipated future income due to potentially revised mean beliefs following the shock. As before,

10The fake news matrix for εt depends on the particular micro-foundation one uses for the primitive demand shock
that comprises this exogenous intercept term. For example, if εt is a linear combination of discount factor shocks,
then F ε will be functions of the interest rate matrix F r, since discount factor shocks alter consumption similarly to
perturbations to the ex-ante interest rate.

11The average subjective belief is the only moment from the subjective probability distribution over aggregate vari-
ables that determines household consumption decisions because of certainty equivalence from the linearization.
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the latter response is the same whether mean beliefs are accurate or distorted.

Moment conditions I proceed to construct moment conditions to estimate heterogeneous-
agent models using expectations data, following Barnichon and Mesters (2020). Suppose we
have a vector of current and lagged structural shocks zt = {zt−ℓ}ℓ=0,...,Nℓ

to use as instruments.

Assumption 3. (Serially uncorrelated) zt−ℓ are serially uncorrelated across ℓ

Partition Xt into variables unobserved by the econometrician, εt, and those observed, Wt.

Assumption 4. (Exogeneity) E[Eτ [ετ+h] zt−ℓ] = 0, ∀ h ≥ 0, ετ+h ∈ ετ+h, zt−ℓ ∈ zt

This exogeneity condition is slightly more general than the one in the representative-agent
example, encompassing the case where shocks may be imperfectly observed by economic
agents. For τ < t − ℓ, if zt−ℓ instruments are not systematically predictable by information
available prior to time-t − ℓ, it is natural to assume orthogonality to measurable functions of
earlier information sets, i.e. Eτ [ετ+h] for τ < t − ℓ. For τ ≥ t − ℓ, this assumption requires
agents to be aware that the instrument zt−ℓ is orthogonal to time-t information relevant for
determining ετ+h. Alternatively, one could directly assume the shocks ετ+h are observable by
agents but not the econometrician, and that the shocks ετ+h are known to be orthogonal to zt−ℓ.
An example of this would be if εt+h were household preference shocks known to be orthogonal
to a supply or policy shock zt−ℓ.

Assume Assumptions 1, 2, 3, 4. Given cross-sectional average, subjective expectations Et[·], a
vector of instruments zt, and applying Equation (9), where W ⊆ X denotes the subset of aggre-
gate inputs X that are observable to the econometrician, we obtain the following Nℓ moment
conditions

E

[(
Yt −

t

∑
τ=t−ℓ

∑
h≥0

∑
W∈W

FW
t−τ,h(θ0)Eτ [Wτ+h]

)
zt−ℓ

]
= 0, for zt−ℓ ∈ zt

Where the moment condition equals zero uniquely at θ = θ0.

Suppose we have data on realizations and cross-sectional average expectations of income
and interest rates up to a finite horizon H, denoted by {Edata

t [Wt+h]}h≤H . To be able to evaluate
the above moment condition, we need to extrapolate missing expectations data horizons.

Let Ft[Wt+h; ϑ] denote an auxiliary model of subjective expectation Et[Wt+h], with param-
eter vector ϑ.

Assumption 5. (Shape restriction)

E[(Edata
t [Wt+h]− Ft[Wt+h; ϑ0])zt−ℓ] = 0, for h ≤ H, Wt+h ∈ Wt+h, zt−ℓ ∈ zt (10)

We can then estimate ϑ from the auxiliary model using the HNℓ moment conditions implied
by Assumption 5. For example, ϑ could be coefficients of an AR(p) process fit to the impulse
response of each subjective expectation Edata

t [Wt+h] across horizons-h and impulse response
periods-ℓ to shocks zt−ℓ.

Let expectations data augmented with missing horizons extrapolated from the auxiliary
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model be

Edata
t [Wt+h; ϑ] :=

Edata
t [Wt+h] if h ≤ H

Ft[Wt+h; ϑ] if h > H

Assumption 6. (Measurement error exogeneity)

E[(Et[Wt+h]− Edata
t [Wt+h; ϑ0])zt−ℓ] = 0, for Wt+h ∈ Wt+h, zt−ℓ ∈ zt

With Assumptions 1, 2, 3, 4, 5, 6 and given data {zt, Yt, {Edata
t [Wt+h]}h≤H}, we obtain

E

[(
Yt −

t

∑
τ=t−ℓ

∑
h≥0

∑
W∈W

FW
t−τ,h(θ0)Edata

τ [Wτ+h; ϑ0]

)
zt−ℓ

]
= 0, for zt−ℓ ∈ zt (11)

Equation (11) is a collection of unconditional moment conditions, which can be estimated
with two-step generalized method of moments (Newey and McFadden 1994). The first step is
the estimation of the nuisance parameter ϑ used to extrapolate missing data using condition
(10). Following that one can evaluate the moment condition to estimate the structural param-
eters of interest θ. Using Equation (11), I construct the following set of moment conditions for
the heterogeneous-agent models that I estimate in the following section.

E

[(
Ct −

t

∑
τ=t−ℓ

∑
h≥0

FY
t−τ,h(θ0)Eτ [Yτ+h; ϑ0] +F r

t−τ,h(θ0)Eτ [rτ+h; ϑ0]

)
zt−ℓ

]
= 0, for zt−ℓ ∈ zt

(12)
As before, we can interpret the quantities contained in the moment conditions as impulse

response coefficients with respect to zt−ℓ. The moment condition derived earlier in Equation
(5) for the representative-agent model can be seen as a special case of the above expression.

Remarks The intuition of the additional Assumption 6 is that the expectations data we use,
even for directly observed horizons h ≤ H, may be an imperfect measurement of the model
subjective expectations. This assumption will typically hold for measurement error due purely
to noise, such as classical measurement error. However, I will later provide substantive and
specific arguments for its validity because of my need to use professional forecaster expec-
tations in place of household expectations when estimating consumption functions. This as-
sumption states that the impulse response of expectations data must resemble the response
of agents expectations in the model to the identified shock used as an instrument. This will
inform my choice of instruments, which I discuss in depth in the following section.

There is typically sparse availability of expectations data with a large set of horizons H.
Therefore, choosing an auxiliary model with a large number of parameters ϑ may overfit the
noise in expectations data, potentially violating Assumption 6. Because this assumption is not
explicitly testable, I err on the side of caution by testing robustness of θ estimates against mul-
tiple auxiliary models that are sparsely parameterized. The choice of these models is informed
by the impulse response interpretation of moment conditions (10), (11) when using exogenous
structural shocks and their lags as instruments. Relying on the typical assumption that impulse
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response functions are smooth justifies the focus on low-dimensional, smooth auxiliary models
for extrapolation.

3 Estimating Model-Implied Consumption Impulse Responses

This section evaluates model-implied impulse responses of aggregate consumption from a set
of standard consumption-savings models against the response of realized consumption to an
externally-identified, exogenous supply shock. Typical impulse response matching as in Chris-
tiano et al. (2005) is done within a fully-specified equilibrium model, requiring assumptions on
expectation formation and the equilibrium environment. I instead adopt a semi-structural ap-
proach, using moment conditions derived in Section 2 as a set of structural restrictions in an
otherwise empirical impulse response estimation framework. This allows me to focus solely
on these models’ ability to match realized consumption dynamics, taking as given data on
realized and expected income and interest rates.

3.1 Consumption functions from structural consumption-savings models

While my main focus is to demonstrate the fit of heterogeneous-agent models to macroeco-
nomic data, it is useful to contrast them with a representative-agent benchmark. Recall the
earlier-derived representative-agent consumption function in Equation (1).

Ct = (1 − β)

(
∞

∑
h=0

βhEt[Yt+h] + Wt

)
+ γ

∞

∑
h=0

βh+1Et[rt+h]

The first heterogeneous agent model I consider is the tractable perpetual youth, overlapping
generations model from Angeletos et al. (2023), which builds on Yaari (1965), Blanchard (1985).
The consumption function from the model solution linearized around steady state β(1+ r) = 1
is

Ct = (1 − βω)

(
∞

∑
h=0

(βω)hEt[Yt+h] + Wt

)
− γ

∞

∑
h=0

(βω)hEt[rt+h] (13)

where aggregate wealth is given by Wt and the net interest elasticity γ := σβω − (1 − βω)βA.
The attractiveness of this model is it closely mirrors its representative-agent counterpart, al-

beit with one additional degree of freedom, ω ∈ [0, 1], the perpetual youth hazard rate. When
ω < 1 the overlapping generations model exhibits greater income sensitivity of consumption,
for example as measured by the current marginal propensity to consume (MPC) out of un-
earned income. Given the discount factor β is pinned down in both models by the steady state
real interest rate r, it is not a degree of freedom for estimation. It will prove useful to com-
pare these two models which differ along this single dimension given their otherwise similar
structure.

The second heterogeneous-agent model I consider is the standard incomplete markets model
of Bewley (1986), Imrohoroğlu (1989), Huggett (1993), Aiyagari (1994). In this model, a unit
mass of households face idiosyncratic income risk, borrowing constraints, and incomplete mar-
kets in the form of a one-period risk-free asset. The individual-i household problem is given

14



by

V(ei,t, ai,t−1) = max
ci,t ,ai,t

c1−σ−1

i,t

1 − σ−1 + βEt[V(ei,t+1, ai,t)|ei,t]

ci,t + ai,t = ei,tYt + (1 + rt−1)ai,t−1

ai,t ≥ 0

where Et denotes the time-t subjective expectation. Idiosyncratic productivity ei,t is a station-
ary, commonly-known Markov process with persistence ρe and variance σ2

e . It has a fixed
transition matrix Π(e, e′) with an associated stationary distribution π(e) and a stationary mean
normalized to one, i.e. ∑e π(e)e = 1.

I restate here the aggregate consumption function derived in the previous section

Ct = ∑
τ≤t

∑
h≥0

FY
t−τ,hEτ [Yτ+h] +F r

t−τ,hEτ [rτ+h] (14)

To map model expectations to their data equivalents I will assume that horizon-0 expecta-
tions and realizations coincide, i.e. Edata

t [Yt] = Yt and Edata
t [rt] = rt for all times-t. In general,

these consumption functions do not necessarily enforce horizon-0 expectations to align with
realizations, where allowing for a wedge between them may be reasonable in certain informa-
tion settings. One example is a consumption-savings problem where households are rationally
inattentive and cannot perfectly observe state variables even after the period they are realized,
as in Luo (2008).

All linearized consumption functions are local approximations about a steady state, which
I calibrate following McKay et al. (2016).

Parameter Description Value

r Real interest rate 0.005
Assets
Income Assets to disposable income ratio 1.4

ρe Idiosyncratic productivity persistence 0.966
σ2

e Idiosyncratic productivity variance 0.504

Table 1: Steady state model calibration

Note: The real interest rate and disposable income are both listed at a quarterly frequency.

The representative-agent model discount factor β is pinned down by the steady state real in-
terest rate β(1+ r) = 1. The standard incomplete markets model discount factor β must be cal-
ibrated to hit the asset-to-disposable income calibration target for a given value of the elasticity
of intertemporal substitution. This leaves these already sparsely parameterized consumption-
savings models with few degrees of freedom to estimate, which I report in Table 2. This is
precisely the goal of this estimation: to test the minimal structure implied by these models,
without assumptions on expectation formation or a surrounding equilibrium environment.
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Parameter Description

σ Elasticity of intertemporal substitution (EIS)
ω∗ Perpetual youth hazard rate

Table 2: Parameters to estimate

Note: ∗ This parameter is only available for estimation in the perpetual youth overlapping generations model.

3.2 Data

The consumption function representations of all models require data on realized and expected
real disposable income and interest rates.

Realizations data The income measure I use is real disposable personal income (DSPIC96),
sourced from the Bureau of Economic Analysis. The interest rate measure I use is the nominal
federal funds rate (DFF), deflated by one-period ahead realized consumer price index inflation
(CPIAUCSL), sourced from the Bureau of Labor Statistics.

In typical linearized macroeconomic models without financial frictions, there is a single in-
terest rate due to no-arbitrage conditions on asset choice. In reality, households face different
interest rates for saving or borrowing products, which makes the choice of a single interest rate
data series non-obvious. Given our consumption functions are local approximations around
a steady state where all households hold either strictly positive wealth or are borrowing con-
strained, a savings rate is the best analog to the model interest rate. Due to this, I use the
federal funds rate as the data series proxying for the model-based savings rate, given savings
rates tend to move closely with the federal funds rate.

Expectations data I use consensus expectations reported by the Bluechip Economic Indi-
cators and Financial Forecasts for real disposable personal income, the nominal federal funds
rate, and CPI inflation. As mentioned earlier, because I am estimating household consump-
tion functions, a household-level survey like the Michigan Survey of Consumers or the Sur-
vey of Consumer Expectations conducted by the Federal Reserve Bank of New York would
be most ideal. However, given neither of these sources nor other commonly-used household
surveys elicit point forecasts of interest rates, we would have to make auxiliary assumptions
to map qualitative responses about interest rates in these surveys to point forecasts. In addi-
tion, household surveys tend to report a single shorter horizon, typically one-year ahead, and
a longer five-to-ten year horizon forecast. Because of the need to extrapolate horizons it is use-
ful to have a more complete term structure of near-term expectations from the Bluechip. For
consistency across available data periods, I use Bluechip expectations for one through four-
quarters ahead for each forecasted variable.

Instrumental variables There are other substantive reasons that may alleviate some con-
cerns of using forecaster as opposed to household survey expectations. Rozsypal and Schlaf-
mann (2023) analyze household income expectations from the Michigan survey and find ev-
idence of over-persistence bias, where households extrapolate expectations of future income
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from realized current income. This is precisely the form of bias I document empirically in up-
coming results on forecaster expectations of real disposable income. In recent work, De Silva
and Mei (2024) document that household interest rate expectations tend to be close to forecaster
expectations during periods where they make durables purchases.

Importantly, household and forecaster expectations have been documented to exhibit some
systematic differences. Candia et al. (2020) and Kamdar and Ray (2023) find that household ex-
pectations overweight “supply-side” narratives, which emphasize the negative co-movement
of real variables like real output and inflation, and underweight “demand-side” narratives.
Andre et al. (2022) document the mental models households use to understand and form ex-
pectations of the economic effects of supply shocks, such as sudden changes in oil prices, are
similar to those of forecasters but differ materially for monetary and fiscal policy shocks.

Using shocks which are interpreted in a systematically different way by households and
forecasters would violate measurement error exogeneity as stated in Assumption 6. Using a
supply shock to instrument forecaster expectations is the best way to address this concern given
forecaster and household expectations exhibit qualitatively similar co-movements in response
to these shocks. Therefore, I estimate model-implied impulse responses with respect to an
oil supply news shock from Känzig (2021). Identified using a high-frequency identification
approach, this shock captures variation in oil futures prices around a narrow time window of
OPEC production announcements.

3.3 Empirical impulse response estimation

To estimate impulse responses of macroeconomic variables and their forecasts, I adopt the
proxy structural vector autoregression (VAR) approach (Stock and Watson 2012, Mertens and
Ravn 2013) and follow the empirical setup and notation from Känzig (2021) closely. I first
estimate a reduced-form VAR, with a constant and a deterministic linear trend

Yt = α + δt +
p

∑
l=1

βlYt−l + ut

where α, δt, {Y t−l}
p
l=0, ut are vectors of length n and βl is a matrix of dimension n × n.

I assume invertibility, in that the reduced-form residuals ut are a linear combination of i.i.d
structural shocks εt

ut = Sεt

where E[εt] = 0 and E[εtε
′
t] = Ω, a positive, diagonal matrix.

Assuming an instrument zt satisfies the standard identifying assumptions

E[ε1,tzt] = α ̸= 0

E[ε2:n,tzt] = 0

where the structural shock we are identifying is ordered first in the VAR, without loss of gen-
erality. I can identify the first column of S up to sign and scale, which I denote s1, given by

s1 = E[utzt]
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Finally, to pin down the sign and scale factor s1,1 := E[u1,tzt ]
x for the econometrician’s desired

value x, I can normalize the impact effect of the identified shock on variable y1,t = x, using the
re-scaled structural impact vector s̃1 = s1/s1,1 provided E[u1,tzt] ̸= 0.

Specification The variables included in the baseline specification are real gross domestic
product, real disposable income, the consumer price index (CPI), the nominal federal funds
rate, real oil price and world oil production measures. The real oil price is the WTI crude oil
price deflated by CPI inflation and will be the proxy SVAR’s first-stage variable, scaled such
that the on-impact effect of a positive oil supply news shock increases real oil prices by 10
percentage points. I then augment the baseline specification with real personal consumption
expenditures and Bluechip expectations at each horizon-h period ahead one variable at a time.
The data are measured at a quarterly frequency and in log-levels, aside from the federal funds
rate. The time period spans 1985-Q1 through 2017-Q3, due to availability of the Bluechip data.

3.4 Impulse responses of income and interest rates to an oil shock

The upper panel of Figure 1 displays impulse responses of realizations and Bluechip expecta-
tions of real income and real interest rates. In response to an inflationary oil shock, realized
real income and real interest rates (black lines) exhibit a prolonged decline.

The lower panel of Figure 1 displays the impulse responses of CPI inflation and the nomi-
nal federal funds rate, the two variables used to construct our real interest rate measure. From
these responses, we see that the majority of the decline in real interest rates is driven by el-
evated CPI inflation. The literature on the real effects of oil price shocks point to the central
role of contractionary response of systematic monetary policy (Bernanke et al. 1997, Gagliar-
done and Gertler 2023). However, the response of the nominal federal funds rate in our limited
sample period beginning in 1985 is relatively muted compared to these papers, whose sample
periods typically extend back to the early 1970s.

The blue lines extending outward from the realized impulse responses of each variable
represent the impulse response of expectations across horizons for a fixed impulse response
period. This is a useful way to visualize the bias in expectations across the term structure, as
shown in Bardóczy and Guerreiro (2023). To clarify interpretation, consider the definition of
the impulse response across periods-ℓ of a horizon-h income expectation

Ψ(Et[Yt+h], εt−ℓ) := E[Et[Yt+h]|εt−ℓ = 1]− E[Et[Yt+h]|εt−ℓ = 0] (15)

where E[·] is the unconditional expectation across time-t and the index ℓ denotes the periods
elapsed between the shock onset and the time-t that expectations are formed. The blue line is
given by fixing the elapsed period-ℓ since the shock and plotting expectations across horizons-
h. This construction is interpretable as the average response of expectations across all horizons-
h formed ℓ-periods after an initial shock.

I proceed to analyze the systematic patterns of ex-post forecast errors in the expectations
data shown in Figure 1 and consider whether they can be explained by existing models of ex-
pectation formation. To do so it is useful to consider the behavior of subjective expectations if
they were formed under full-information rational expectations with respect to a hypothetical
equilibrium economy. Let us define full-information to mean either εt−ℓ is directly public in-
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(a) Real Disposable Income (b) Real Federal Funds Rate

(c) Consumer Price Inflation (d) Nominal Federal Funds Rate

Figure 1: Realized and Bluechip impulse responses to a Känzig (2021) oil shock

Note: each panel contains an impulse response function of realizations (black) to a positive Känzig (2021) oil price news
shock. Each expectation “hair” (blue) collects quarter-ℓ impulse response coefficients of Bluechip survey expectations
for horizons h = 1, ..., 4 quarters ahead. The real federal funds rate is the nominal federal funds rate deflated by
consumer price inflation.

formation as of time-t − ℓ, or that εt−ℓ is measurable in the set of publicly-observed time-t − ℓ

variables in the economy. Assuming the equilibrium state variables are jointly stationary, the
law of iterated expectations applies to Equation (15) and yields

Ψ(Yt+h, εt−ℓ) := E[Yt+h|εt−ℓ = 1]− E[Yt+h|εt−ℓ = 0], ∀ℓ, h ≥ 0

In words, the impulse response of the horizon-h expectation conditional on an ℓ-period past
shock should equal the realized impulse response in the horizon period h. Given this, we can
interpret the vertical gaps between the black and blue lines in Figure 1 as suggestive evidence
that expectations deviate from the full-information rational expectations assumption.

Many theories of bounded rationality result in subjective expectations that systematically
under- or over-react relative to the full-information rational expectations benchmark. System-
atic under-reaction corresponds to expectation “hairs” (blue) that extend from the realization
(black) always remaining closer to zero than the realization. Over-reaction conversely has the
“hairs” remaining further from zero than the realization.
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Theories of systematic under-reaction, such as sticky information (Mankiw and Reis 2002)
or cognitive discounting (Gabaix 2020), are unable to explain the over-reaction of measured
expectations to certain variables, such as the response of CPI inflation expectations in Figure
1d. Conversely, while theories of systematic over-reaction, such as diagnostic expectations
(Bordalo et al. 2018), can explain the response of CPI inflation, they are unable to match the
initial under-reaction of real disposable income expectations displayed in Figure 1a. Angeletos
et al. (2021) and Bardóczy and Guerreiro (2023) convey this point as well, documenting similar
patterns in impulse responses from the Survey of Professional Forecasters for other variables
and shocks. I display the responses of a number of these other models and discuss them further
in Appendix A.2.

(a) Real Disposable Income (b) Real Federal Funds Rate

(c) Consumer Price Inflation (d) Nominal Federal Funds Rate

Figure 2: Realized and “over-extrapolation” model impulse responses to a Känzig (2021) oil shock

Note: each panel contains an impulse response function of realizations (black) to a positive Känzig (2021) oil price
news shock. Each expectation “hair” (red) collects quarter-ℓ impulse response coefficients of the parametric “over-
extrapolation” model given by Equation (16) for horizons h = 1, ..., 4 quarters ahead. The real federal funds rate is the
nominal federal funds rate deflated by consumer price inflation.

While it is difficult to summarize these biases solely as systematic under- or over-reaction
relative to the full-information rational expectation, they can however be rationalized as over-
extrapolation of the most recent realization. I demonstrate this with an illustrative two-parameter
model fit across all variables, time-ℓ and horizons-h. The model parameterizes the impulse re-
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sponse (IR) of subjective expectations Ψ(Et[Yt+h], εt−ℓ), in the following way

Ψ(Et[Yt+h], εt−ℓ) = ωℓθh Ψ(Yt, εt−ℓ)︸ ︷︷ ︸
Extrapolation IR

+(1 − ωℓ) Ψ(Yt+h, εt−ℓ)︸ ︷︷ ︸
Full-information rational expectation IR

(16)

The parameter θ determines the persistence of extrapolation from the current time-t observa-
tion across expectation horizons-h and ω determines how long this bias lasts across response
periods-ℓ. The parameter ω ∈ (0, 1) ensures that extrapolation bias will eventually diminish
and expectations will converge back to the rational benchmark as time-ℓ progresses.

Figure 2 displays the impulse response of expectations implied by this simple over-extrapolation
model, which replicates Figure 1 quite well. This observation motivates my later adoption of a
Bayesian learning model that exhibits a similar form of over-extrapolation bias.

In addition to the fitted model producing Figure 2, I consider a battery of other simple para-
metric models fit to the same data to extrapolate missing horizons. One could view the use of
these models to extrapolate missing horizons as shape restrictions on expectational impulse
responses across horizons-h, as the simple parametric model I fit demonstrates. As a baseline,
I use an estimated AR(2) process, constrained to be stationary, to extrapolate missing horizons.
The results in the following section on consumption function estimation are robust to alter-
nate choices. Details for the choice of auxiliary models for extrapolation, their estimation, and
resulting structural parameter estimates are in Appendix A.3.

3.5 Empirical vs. model-implied impulse responses of consumption

The expectation impulse responses plotted in Figure 1 correspond to the impulse response es-
timands reported in the model-implied consumption moment condition (11). Figure 3 displays
the model-implied impulse responses of consumption from the estimated representative-agent,
perpetual youth overlapping generations, and standard incomplete markets models. Recall
these models only have one or two structural parameters to be used as degrees of freedom for
estimation across numerous impulse response periods. The elasticity of intertemporal substi-
tution σ is estimated across all models, and the hazard rate ω, which allows for heightened
income sensitivity of consumption, is additionally estimated for the perpetual youth model.

My baseline estimates for the elasticity of intertemporal substitution (EIS) across models are
low. For the representative-agent benchmark the estimated EIS approaches zero, while for the
heterogeneous-agent models the estimated EIS is around 0.1. The main intuition stems from
observing in Figure 1b that realized and expected real interest rates decline in response to the
oil price shock. The estimated EIS is pushed downward to mitigate the positive intertemporal
substitution response of model-implied consumption and amplify the negative income effects
from lower rates.

One key reason why the estimated EIS is low across all models is that the magnitude of
the observed decline in consumption to this shock exceeds that of disposable income. Hence,
for model-implied consumption to match the observed decline, negative income effects from
interest rates must be sufficiently large.

While an EIS estimate of 0.1 is low it is not unprecedented. In a quasi-experimental setting,
Best et al. (2020) exploit borrower bunching behavior around loan-to-value thresholds used to
price mortgages and also find an estimated EIS of 0.1. Likewise, Ring (2024) finds evidence for a
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Figure 3: Estimated model-implied consumption impulse responses to a Känzig (2021) oil shock

Note: the realized (black) consumption impulse response and model-implied consumption impulse responses to a
positive Känzig (2021) oil price news shock. Model-implied responses are produced by evaluating each models con-
sumption function using empirical impulse responses of realized and expected income and interest rates. The dashed
lines are 68% confidence bands produced using moving block bootstrap by Jentsch and Lunsford (2019).

similarly low EIS using Norwegian administrative data and geographic variation to investigate
the relative size of substitution and income effects of wealth taxation on savings behavior.

Recall that most of the decline in the real interest rate from the oil price shock is due to the
increase in realized and expected inflation. One concern might be that forecasters’ inflation
expectations respond differently than household expectations due to this shock. Figure 7 of
Känzig (2021) provides suggestive evidence that the magnitude of households’ inflation ex-
pectation responses to oil shocks may be larger than that of forecasters’. However, this would
imply an even lower expected real rate taking account of household expectations reinforcing
the need for a low estimated EIS.

The income sensitivity of consumption, as measured by the current marginal propensity to
consume (MPC) out of unearned income, is small in the representative-agent model by con-
struction. In contrast, heterogeneous-agent models can have substantially higher MPCs, and
indeed I find this to be the case in this estimation. The estimated hazard rate for the perpetual
youth model implies an MPC of approximately five percent at a quarterly frequency. While the
standard incomplete markets model did not have an independent degree of freedom from the
EIS to estimate, due to the discount factor being used to target the steady-state level of assets,
its MPC nonetheless matches that of the perpetual youth model at five percent. As Figure 3
demonstrates, the higher MPC in the heterogeneous-agent models proves crucial to match the
pronounced consumption contraction due to the oil shock. Due to the much longer effective
horizons for income smoothing, the representative-agent models’ response to the shock is less
severe.
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Consumption-Savings Models

Parameter Perpetual Youth Standard Incomplete Markets Rep. agent

EIS 0.08 0.09 0.00
MPC 0.04 0.05 0.005
Assets
Income 1.4 1.4∗ 1.4

EIS 0.80 0.05 -
MPC 0.2∗ 0.2∗ -
Assets
Income 1.4 0.425 -

Table 3: Estimated/targeted parameters from consumption-savings models

Note: The top panel contains estimated parameters enforcing that the steady state assets-to-income ratio is equal to
the initial calibration target. The bottom panel contains estimated parameters when models instead target a higher
marginal propensity to consume (MPC). The EIS σ is the elasticity of intertemporal substitution. MPC and income are
reported at a quarterly frequency.

MPCs in micro-calibration versus macro-estimation It is well-known that the standard
incomplete markets model is unable to simultaneously match typical microeconomic estimates
of the current MPC and the steady state level of household assets (Kaplan and Violante 2022).
By restricting the estimated model to match the latter, I attain an implied MPC of around 0.05 at
a quarterly frequency, which is lower than typical microeconomic estimates which range from
0.15 to 0.25. However, this MPC that is consistent with our targeted macroeconomic impulse
responses and has been shown to be consistent with a broader range of macroeconomic mo-
ments in full-information HANK estimation on macroeconomic time series Bayer et al. (2024).

I consider how calibrating the MPC in both the perpetual youth and standard incomplete
markets models to 0.2, in line with microeconomic evidence, affects their implied impulse re-
sponse fit. In the standard incomplete markets model I calibrate the discount factor β to now
match the MPC target. While the fit deteriorates, as shown in Figure 4, they both still remain
within a one standard deviation bound of the empirical impulse response of consumption.
However, the estimated parameters for the EIS now diverge between these models. The esti-
mated EIS is an order of magnitude larger in the perpetual youth model, while in the standard
incomplete markets model it is slightly lower. In addition, the perpetual youth model now
overshoots the empirical response, whereas the standard incomplete markets model under-
shoots.

To explain the reason for this change, consider an important difference between these two
models: given the linearization in aggregates, the perpetual youth model lacks a precautionary
savings motive. Recall in the perpetual youth model that the steady state level of assets is inde-
pendent of the MPC. Therefore, changing the EIS only scales the relative size of the substitution
versus income effects in response to the discounted value of expected interest rate changes, as
shown in Equation (13). Given the large, prolonged decline in realized and expected real inter-
est rates in response to the shock shown in Figure 1, higher MPCs in the perpetual youth model
at the original, lower EIS estimate would have excessively amplified the negative income effect
from lower rates.

The standard incomplete markets model requires a lower discount factor to attain a high
MPC, which in turn reduces steady state asset demand because agents are less patient. Whether
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Figure 4: Calibrated model-implied consumption impulse responses to a Känzig (2021) oil shock

Note: the realized (black) consumption impulse response and model-implied consumption impulse responses to a
positive Känzig (2021) oil price news shock. Model-implied responses are produced by evaluating each models con-
sumption function using empirical impulse responses of realized and expected income and interest rates. The dashed
lines are 68% confidence bands produced using moving block bootstrap by Jentsch and Lunsford (2019).

the magnitude of interest rate income effects increases due to the higher MPC or decreases
due to the lower stock of steady state assets is a quantitative question. In this case, the lower
discount factor reduces the magnitude of the negative interest rate income effect, requiring
an even lower EIS. Because I directly use the canonical standard incomplete markets model, I
cannot resolve the fundamental tension between these parameter calibrations. Nonetheless, I
show Figures 3 and 4 that conditioning directly on expectations data, the models are similarly
able to rationalize the observed inertia in aggregate consumption.

Full-information, rational expectations comparison It is natural to consider how model-
implied consumption responses may differ in comparing those using expectations data with
those formed via full-information, rational expectations (FIRE). However, without the com-
plete specification of an equilibrium model we are not able to consider this counterfactual
because of the Lucas critique. In Section 3.4, we could directly assess the validity of the FIRE
assumption by making relative comparisons of average expectations and realizations. Here,
however, we are unable to consider the counterfactual implications of full-information rational
expectations versus data-based expectations without understanding how it changes the data-
generating process of realizations themselves. Given this, I proceed by adding structure in the
form of a model of expectation formation informed by the data and an equilibrium environ-
ment to understand the joint determinants of observed expectations biases and consumption
inertia.
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4 An Equilibrium Macroeconomic Model with Inertia

In this section, I develop a theory for how inertia arises endogenously within a heterogeneous-
agent New Keynesian (HANK) equilibrium model. I begin by defining the temporary equilib-
rium, given subjective expectations in a standard HANK environment and proceed to adopt
a form of frictional Bayesian learning as my model of expectation formation. I demonstrate
how the interactions between learning frictions and the core features of HANK — high in-
come sensitivity and low interest rate sensitivity of consumption demand — play a key role in
generating macroeconomic inertia.

4.1 Temporary equilibrium definition

I begin by defining a temporary equilibrium, an intermediate step toward a fully-specified gen-
eral equilibrium that does not yet place restrictions on how forward-looking agents form ex-
pectations. As in Woodford (2013), I immediately resort to using the linearized equilibrium12,
whose deviations are given by time-indexed variables, e.g. Ct, around a non-stochastic steady
state, whose notation is given by non-time-indexed variables, e.g. C.

The equilibrium environment closely follows Angeletos et al. (2023), although I simplify
along a few dimensions that are not central to my analysis. I briefly discuss the shared equilib-
rium ingredients, such as the firm problem, policy rules, and market clearing conditions and
elaborate only on my points of departure.

Households and firms I use the Angeletos et al. (2023) specification of the perpetual youth
overlapping generations model, resulting in the earlier-estimated consumption function in
Equation (13).

Labor unions intermediate labor markets, ensuring households supply an identical quan-
tity of labor and equalizing the real wage and the average marginal rate of substitution be-
tween aggregate consumption and labor supply. Households therefore receive the identical
labor income. Firm production follows the textbook New Keynesian model (Galı́ 2015), where
identical monopolistically-competitive firms operate a linear-in-labor production technology
and face Calvo price-setting frictions. This gives rise to an aggregate price inflation New Key-
nesian Phillips curve linearized around a zero-inflation steady state.

πt = κYt + βEt[πt+1] (17)

Firms distribute dividends identically, ensuring households receive the same profit income.

Policy and market clearing The real interest rate is determined by the real Taylor rule

it − Et[πt+1] ≡ rt = ϕYt (18)

The monetary authority sets nominal interest rates accounting for the equilibrium consequences
on subjective inflation expectations Et[πt+1] to achieve a real interest rate target of ϕYt. A rule

12The consumption functions written earlier are in level as opposed to log deviations. To maintain this notation, I nor-
malize steady state output Y = 1 such that level and log deviations for the below-defined variables can be interpreted
identically.
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of this form allows the monetary authority to conduct policy as if it maintained direct control of
the ex-ante real interest rate. Adopting this rule therefore allows us to focus on the equilibrium
determination of household consumption as a function of real interest rates without needing
to separately account for the dynamics of subjective inflation expectations.

Market clearing in the goods market is given by

Ct = Yt (19)

Definition 2. A (linearized) temporary equilibrium consists of sequences of prices {it, πt} and
quantities Ct, Yt that satisfy (13), (17), (18), (19) for all periods t, given subjective expectations
of {Et[Yt+h], Et[πt+h], Et[it+h]}h>0.

Assets are in zero net supply so households hold zero wealth in equilibrium.

4.2 General equilibrium dynamics with Bayesian learning

Closing the temporary equilibrium defined in Section 4.1, I assume households form expecta-
tions with a particular class of Bayesian learning models. These models have been shown to
be consistent with multiple dimensions of evidence on expectation formation, including in the
cross-section of households (Nagel 2024), experiments (Afrouzi et al. 2023), and unconditional
time-series (Farmer et al. 2024, Crump et al. 2023).

In these models, Bayesian agents observe variables such as output or interest rates, under-
standing them to be driven by unobserved shocks that each are the sum of a transitory and a
persistent component13. Because they cannot immediately distinguish these components, they
gradually update their beliefs about them by solving a filtering problem given the time series
of observed variables.

I assume that the only exogenous shock in the baseline economy is a demand shock εt,
which is the sum of two unobserved mean-zero AR(1) components

εt = λt + ηt

with persistence parameters ρλ > ρη and mean-zero Gaussian i.i.d innovations with variances
σ2

λ, σ2
η . I refer to λt as the “persistent” component, due to its higher persistence, and ηt as the

“transitory” component. I assume household have common knowledge of the functional form
of the demand shock and the values of its parameters.

What remains to be specified is how agents draw inference about the underlying shock
components λt, ηt from observing variables Yt, πt, it. Define the perceived laws of motion of
Yt, πt, it as a set of stochastic variables Ỹt, π̃t, ĩt, which are also linear functions of the histories
of the unobserved components {λt−ℓ, ηt−ℓ}ℓ≥0. However, I permit the perceived laws to differ
from the actual laws of motion, that is, their function coefficients14 on their component histories
{λt−ℓ, ηt−ℓ}ℓ≥0 may differ.

13Some of the cited literature adopt the convention that the persistent component is a non-stochastic, long-run mean
parameter, which agents are nonetheless uncertain about. The inference problem is similar to the case I study here and
results in similar forms of over-extrapolation that lie at the core of my analysis.

14I do not consider subjective uncertainty over and learning of the coefficients of the perceived law of motion itself,
which is the subject of a separate literature on equilibrium learning. I assume the coefficients of the perceived law of
motion are constant.
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Subjective expectations are evaluated with respect to the perceived laws of motion. For
example, if Ỹt = λt + ηt then expected one-period ahead output is given by

Et[Yt+1] = Et[λt+1] + Et[ηt+1]

Agents’ beliefs can be represented by the following state-space model with the AR(1) coeffi-
cients collected in the diagonal matrix F and the perceived law of motion coefficients collected
in the lag15 polynomial matrix Ã(L)

[
λt+1

ηt+1

]
= F

[
λt

ηt

]
+

[
uλ,t+1

uη,t+1

]
,

Ỹt

π̃t

ĩt

 = Ã(L)

[
λt

ηt

]

Due to linearity and normality of innovations, the subjectively optimal state estimates, con-
ditional on the perceived state-space model and past observations, are given by the Kalman
update equation

[
Et[λt+1]

Et[ηt+1]

]
= F

[
Et−1[λt]

Et−1[ηt]

]
+ G


Yt − Et−1[Yt]

πt − Et−1[πt]

it − Et−1[it]




where G is the steady-state Kalman gain implied by the agents’ perceived state-space model.
I make the typical learning assumption that the information set for time-t decisions deter-

mining equilibrium Yt, πt, it is the history of past observables {Yt−ℓ, πt−ℓ, it−ℓ}ℓ≥1. To reflect
this staggered timing, subjective expectations that inform time-t decisions are labeled Et−1.

If the perceived and actual laws of motion differ, Et−1[Yt] will a sub-optimal forecast for Yt,
even though it is perceived to be optimal. Distorted component expectations Et−1[λt], Et−1[ηt]

are reinforced over time as decisions based on them determine future observables Yt, πt, it that
are used for future inference to update component expectations Et[λt+1], Et[ηt+1] and so on.

Definition 3. A learning equilibrium is a temporary equilibrium and a collection of subjective
expectations {Et[Yt+h], Et[πt+h], Et[it+h]}h>0 induced by a perceived law of motion Ỹt, π̃t, ĩt

and past observations {Yt−ℓ, πt−ℓ, it−ℓ}ℓ>1.

To greatly simplify the model I proceed by assuming the perceived law of motion Ỹt, π̃t, ĩt
is consistent with the policy rule (18). This allows us to isolate the equilibrium determination
of output, which will be the focus of the remainder of the paper, from inflation and nominal
interest rates. Consequently because it is commonly understood that these variables are deter-
mined by output, they provide no additional information about the components λt, ηt. Hence,
we can treat realized output Yt as the only observable variable agents learn from.

Consolidating equilibrium conditions into a simple aggregate demand equation, I obtain

Yt ∝ (1 − βω − βωσϕ)
∞

∑
h=1

(βω)hEt[Yt+h] + εt

15If there are lag terms, then the backward-looking expectations of lagged components, e.g. Et−1[λt−ℓ] for ℓ > 1, can
be computed using the Kalman smoother. This contrasts with the simple case Ỹt = λt + ηt discussed above, where
forward-looking component expectations, e.g. Et[λt+1], can be computed using the Kalman filter.
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Note that Yt is not exactly equal to the right-hand side because of the within-period general
equilibrium feedback of Yt, rt. The constant of proportionality that I have omitted, βω(1 +

σϕ), only affects the overall level of Yt and not the shape of its impulse response to εt across
periods. In the following sub-sections I focus on characterizing the shape and not the overall
level of impulse responses. Therefore, without loss of generality, I normalize the variance of
εt and proceed using Equation (20) with equality. When considering policy counterfactuals
in Section 5 I undo this normalization to ensure the level contribution of counterfactuals is
properly accounted for.

Let χ := (1 − βω − βωσϕ) and permanent income Yt := ∑∞
h=1(βω)hEt[Yt+h]. Re-writing

the aggregate demand equation we obtain the following simple expression for equilibrium
output.

Yt = χYt + εt (20)

Informally, we can see that if εt does not exhibit inertia in the form of hump-shaped impulse
responses then for Yt to exhibit inertia Yt must exhibit inertia and χ must be sufficiently large
such that Yt inherits its inertia. Given Yt is the variable that summarizes the effect of future
output beliefs on current realized output, I will refer to χ as the belief multiplier. To formal-
ize this intuition, I proceed by considering concrete examples of perceived laws of motion to
demonstrate how output inertia Yt arises endogenously due to the effects of the shock on the
evolution of beliefs.

4.3 Simple learning

As before, suppose households’ perceived law of motion of output is given by the simple form

Ỹt = λt + ηt (21)

This perceived law of motion means households completely disregard the general equilibrium
feedback of the shock when forming expectations of future output. Whenever they observe a
given output realization, they simply assume it was due to direct changes in the underlying
shock components. While this assumption is stark, it is useful to illustrate the consequences
of perceived laws of motion which do not fully account for general equilibrium feedback. The
kinds of distortions these mistaken beliefs impart on realized output dynamics will carry over
to more sophisticated but still imperfect beliefs and will serve as a useful example to compare
to the rational learning benchmark.

With this perceived law of motion, permanent income takes the form

Yt =
βωρλ

1 − βωρλ
Et−1[λt] +

βωρη

1 − βωρη
Et−1[ηt]

With ρλ > ρη the same-sized belief update of Et−1[λt] raises expected future income Yt by
more than a comparable change in Et−1[ηt] because it corresponds to the belief that future
income {Et[Yt+h]}h>1 will be persistently higher. I denote the effective horizon of the persistent
component belief as hλ := βωρλ

1−βωρλ
and likewise for the transitory component hη := βωρη

1−βωρη
.

The equilibrium dynamics of output can be represented as a system of two equations. The
first is the aggregate demand equation for output derived from Equation (20) given component
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Figure 5: Component belief impulse responses to a transitory demand shock ηt

expectations. The second is the law of motion of component expectations, as a function of the
output forecast error Yt − Et−1[Yt].

Yt = χhEt−1[εt]︸ ︷︷ ︸
Belief feedback

+ 1εt︸︷︷︸
Direct shock effect

(22)

Et[εt+1] = FEt−1[εt] + g′(χhEt−1[εt] + 1(εt − Et−1[εt])︸ ︷︷ ︸
Forecast error Yt−Et−1[Yt ]

) (23)

(Row) vector notation denotes the shock components εt := (λt, ηt), effective horizons h :=
(hλ, hη), 1 := (1, 1), autoregression persistences F := diag(ρλ, ρη), and steady-state Kalman
gains g := (gλ, gη).

Figure 5 shows the response of beliefs about the transitory and persistent components to
a transitory shock. Even though no persistent shock occurred, beliefs about both components
increase because observing output does not allow households to perfectly distinguish the com-
ponents in the early onset of a shock. Due to gradual learning, we see the adjustment of com-
ponent beliefs exhibit inertia in response to the shock.

A distinctive and important consequence of this simple perceived law of motion is the
appearance of the belief feedback term χhEt−1[εt] in the evolution of component beliefs in
Equation (23). This contrasts with the rational learning Kalman update that I consider in the
next sub-section, where the output forecast error Yt − Et−1[Yt] is simply equal to the current
shock relative to beliefs 1(εt − Et−1[εt]). This belief feedback wedge appears precisely because
households are unaware that equilibrium output is determined in part by their consumption
decisions and not just the direct effect of the shock. By consuming based on their distorted
beliefs they alter equilibrium output, and by incorrectly updating after observing equilibrium
output their beliefs become further distorted. I will refer to this self-reinforcing feedback loop
as expectations unanchoring.

A high degree of belief feedback into output, relative to the direct effect of a shock, and
component beliefs which unanchor and reinforce this feedback over time cause output Yt to
exhibit inertia as shown in Figure 6a. Because the initial shock was transitory but beliefs also
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(a) Output Decomposition (b) Output Expectation Hair Plot

Figure 6: Output impulse response to a transitory demand shock ηt

Note: The left panel decomposes the output impulse response to a transitory demand shock into the direct effect of the
shock (gold solid) and the belief feedback effect (blue hatched) in Equation (22). The right panel expectation “hairs”
(blue dot-dash) collect impulse response coefficients of quarter-ℓ subjective output expectations.

update toward the persistent component, output expectations are overly persistent, exhibit-
ing systematic forecast errors which diminish gradually with time. The combination of these
features permit this model to jointly explain output inertia (equivalently consumption and in-
come in this setting) and expectations that persistently over-extrapolate from the most recent
observation, as documented in Section 3 albeit to a supply shock.

Inertia and the belief multiplier χ After displaying an example of inertia arising in the
simple perceived law of motion above, I now formalize the intuition for why a high belief
multiplier χ induces greater output Yt inertia. This happens both because the multiplier χ

scales the relative contribution of inertial component beliefs embedded in expected permanent
income Yt and because it scales the belief feedback wedge that appears in the component belief
law of motion, increasing the persistence of beliefs.

Definition 4. Let Xt = ∑∞
ℓ=0(aℓλt−ℓ + bℓηt−ℓ) denote the Wold representation of a variable

Xt. Xt exhibits inertia with respect to a component shock λt−ℓ if its corresponding Wold coeffi-
cients {aℓ} are weakly increasing (decreasing) for ℓ ≤ ℓ̄ > 0 and weakly decreasing (increasing)
for ℓ > ℓ̄16. Denote the impulse response period ℓ = ℓ̄ as the inertial peak. These definitions
hold symmetrically for component shock ηt−ℓ and its coefficients {bℓ}.

The above definition essentially states that a variable is inertial with respect to a shock if its
maximal impulse response period, which I call the inertial peak, is not the initial shock period.

Proposition 1. For each component shock et ∈ {λt, ηt} if χ > Xe, then Yt will exhibit inertia and its
inertial peak period ℓ̄ will be weakly increasing in χ.
Proof in Appendix B.1.

Proposition 1 demonstrates the tight connection between output inertia and the belief mul-
tiplier χ, where inertia results when the multiplier is large as demonstrated in Figure 7.

16Given the system (22), (23), I impose regularity conditions on model parameters in Appendix B.1 that prevent the
impulse responses of output and component beliefs from exhibiting oscillation, such that this definition applies.
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Figure 7: Output impulse responses to an ηt shock under different belief multipliers χ

Note: The black solid and dashed lines represent the output impulse response under high and low belief multiplier
calibrations. The direct shock effect (gold solid) is the same under both calibrations. The gap between the direct shock
effect and the black solid and dashed lines represent the size of expectation feedback under each calibration.

The intuition of the lower threshold for χ in Proposition 1 is the following. For output to
exhibit inertia at all, the belief multiplier χ must be sufficiently large for the additional endoge-
nous persistence in output Yt contributed by the belief feedback term to exceed the exogenous
decay of the direct shock effect. In other words, output inertia results when belief feedback is
sufficiently amplified by χ. By increasing the multiplier χ and thus increasing the persistence
of the component belief system, expectation feedback will be relatively longer lasting and con-
tribute more to output inertia. Figure 8 demonstrates the responses of persistent and transitory
component beliefs to a transitory shock in economies with different-sized belief multipliers χ.

While in the initial period the criteria for inertia to arise simply requires the response of
belief feedback to exceed the exogenous decay of the direct shock effect, in later periods the
relevant comparison is whether the endogenous persistence of the persistent belief compo-
nent Et−1[λt] exceeds the combined decay from the endogenous transitory belief component
Et−1[ηt] and the exogenous decay of the transitory shock ηt itself.

Recall the form of the belief multiplier χ from the perpetual youth model

χ := (1 − βω − βωσϕ) ≡ (MPC − (1 − MPC)EISϕ)

It is useful to re-write the parameter values in terms of more interpretable quantities, namely
the current marginal propensity to consume (MPC) and the elasticity of intertemporal substitu-
tion (EIS). We see that the multiplier χ is larger when MPC is high, which is the distinctive dif-
ference between heterogeneous-agent and representative-agent models of consumption, and
when the EIS is low.

Figure 9 plots the inertial peak responses of output and the component beliefs to a transitory
ηt component shock. As demonstrated in Proposition 1, output becomes more inertial when
the belief multiplier is larger, in part because beliefs contribute relatively more to output than
the direct shock and because beliefs themselves become more inertial. The only place the EIS
enters the equilibrium output law of motion is through the belief multiplier. Thus, the left
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(a) Persistent component belief Et−1[λt] (b) Transitory component belief Et−1[ηt]

Figure 8: Component belief impulse responses to an ηt shock under different belief multipliers χ

Note: The blue solid lines represent the impulse response of component beliefs to a transitory demand shock under a
high belief multiplier calibration. The gold dashed line represent the analogous responses for a low belief multiplier
calibration.

panel of Figure 9 can be interpreted equivalently as how inertia changes with the EIS, where
a lower EIS implies a higher multiplier and consequently more inertia. The MPC alters both
the belief multiplier and the effective horizons of beliefs h, where a higher MPC results in a
higher belief multiplier but lower effective horizons. However, as the right panel of Figure 9
demonstrates, the net effect of a higher MPC still results in more inertia.

4.4 Rational and constrained-rational learning

This sub-section contrasts the simple perceived law of motion with more sophisticated beliefs
and demonstrates that inertia may be absent in certain cases of learning and present in others.
The first case I consider is rational learning, where the perceived and actual laws of motion
coincide. With rational learning households are able to account for the equilibrium impacts of
their decisions on their own expectations and hence optimally incorporate past observations
of output into their component forecasts. The rational learning equilibrium solution yields

Yt ≡ Ỹt =

(
χhλ

1 − χhλ
Et−1[λt] +

χhη

1 − χhη
Et−1[ηt]

)
+ λt + ηt (24)

The second case, which I call “constrained-rational” learning, still restricts households’ be-
liefs to be functions of the contemporaneous components λt, ηt but permits their coefficients
to be optimally estimated given their economic environment. This allows me to later consider
policy counterfactuals that are robust to the Lucas critique within this class of models with
imperfect learning, while still retaining similar limitations and implications as simple learning.
Constrained-rational learning takes the below functional form

Ỹt = ãλt + b̃ηt

Given the Wold decomposition of realized equilibrium output Yt = ∑∞
ℓ=0(aℓuλ,t−ℓ + bℓuη,t−ℓ),

we can solve for the optimal coefficients ã, b̃ by projecting the constrained-rational perceived
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Figure 9: Inertial peaks of output and component belief impulse responses to a transitory ηt shock

Note: Each line represents the inertial peak period, defined in Definition 4, for output (black), the persistent component
belief (dashed blue), and the transitory component belief (dot-dashed gold) to a transitory shock. The left panel plots
the inertial peaks across values of the belief multiplier, holding the effective horizons fixed. The right panel plots the
inertial peaks across values of the current marginal propensity to consume, which also alters the effective horizons.

law of motion Ỹt onto the actual one Yt. Doing so obtains the following pair of implicit equa-
tions, which define ã, b̃.

ã = (1 − ρ2
λ)

∞

∑
ℓ=0

ρℓλaℓ(ã, b̃)

b̃ = (1 − ρ2
η)

∞

∑
ℓ=0

ρℓηbℓ(ã, b̃)

Let us now consider the differences between these three perceived laws of motion by an-
alyzing their implications on agents’ forward-looking reasoning. Suppose just for the present
explanation that ηt is commonly known to be i.i.d, so we can simplify exposition. Consider
realized output at a future horizon-h > 0, which takes the general form

Yt+h = (α1λt+h−1 + α2λt+h−2 + α3λt+h−3 + ...︸ ︷︷ ︸
Belief feedback χEt+h−1[λt+h ]

) + λt+h︸︷︷︸
Direct shock effect

The rational learning perceived law of motion adopts this exact form and hence can fully
account for the contributions of past and current shocks to time-t + h output through time-
t + h − 1 beliefs. The simple perceived law of motion is on the opposite extreme, where it only
accounts for the direct shock effect.

Constrained-rational learning constitutes a middle ground between these two cases. The
state variable λt+h in the perceived law of motion Ỹt+h cannot span the infinite history of
past shocks {λt+h−ℓ}ℓ>0, which appear from the Wold decomposition of the belief feedback
χEt+h−1[λt+h]. However, because λt+h is an autoregressive process it correlates with the past
innovations {uλ,t+h−ℓ}ℓ>0 and consequently the past shocks {λt+h−ℓ}ℓ>0 that determine time-
t + h − 1 beliefs Et−1[λt+h−ℓ]. Hence the projection of these past innovations onto the shock
λt+h allows Ỹt+h to partially capture the dependence of beliefs of past shocks due to their co-
variance with λt+h.

Current output Yt is determined by households who base their consumption spending
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Figure 10: Output impulse responses to an ηt shock under different forms of learning

Note: Each line represents the impulse response of output to a transitory demand shock under different learning as-
sumptions. I omit period zero because it does not contain an expectational response due to the staggered timing
assumption.

on all future output expectations {Et−1[Yt+h]}h>0. Because expectations of output at each
horizon-h imperfectly captures the history-dependence of belief feedback on past shocks, the
constrained-rational and simple perceived laws of motion result in a significant degree of ini-
tial dampening in realized output Yt due to this impairment in forward reasoning. The below
proposition formalizes the intuition for the dampening in constrained-rational learning versus
rational learning in the special case where the transitory shocks ηt are i.i.d.

Proposition 2. Suppose χ > 0, ηt is i.i.d, and ση are normalized to make constrained-rational and ra-
tional Kalman gains proportional. Let YR

t , YCR
t denote output under rational learning and constrained-

rational learning respectively.

• In response to a transitory uη,0 innovation to η0, YR
t > YCR

t for time-t ≤ t̄, where t̄ > 1.

• In response to a persistent uλ,0 innovation to λ0, YR
t > YCR

t for time-t > 1.

Proof in Appendix B.2.

Figure 10 displays the response of output to a transitory ηt shock that has positive persis-
tence ρη > 0 under the previously described perceived laws of motion. The response of output
under rational learning is immediate and monotonically decreasing17, similar to a typical full-
information rational expectations impulse response in a standard HANK model. Additionally,
it is much larger than its imperfect learning counterparts because it accounts for the full set of
dynamic general equilibrium expectation feedback effects. In contrast, the response of output
under constrained-rational learning is muted and closely resembles simple learning.

Eventually the output response under simple and constrained-rational learning exceeds
that of rational learning. While Proposition 2 addresses a special case where ηt lacks persis-
tence, the intuition behind the threshold t̄ at which output under constrained-rational learning

17Note that output dynamics under rational learning can exhibit inertia in principle because of the gradual adjust-
ment of beliefs in the Kalman update equation. However, quantitatively output inertia tends not to occur because the
extent of inertia in component beliefs will be small relative to the decay of the direct shock effect.
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(a) Persistent Et−1[λt] (b) Transitory Et−1[ηt]

Figure 11: Component belief impulse responses to an ηt shock under different forms of learning

Note: Each line represents the impulse response of component beliefs to a transitory demand shock under different
learning assumptions. I omit period zero because it does not contain an expectational response due to the staggered
timing assumption.

exceeds rational learning is useful to fix ideas. Initially, output under constrained-rational
learning underreacts relative to rational learning because it does not fully account for future
equilibrium feedback through the persistence of component beliefs. After time-t̄, the added en-
dogenous persistence in output under constrained-rational learning due to the belief feedback
wedge causes it to exceed output under rational learning.

While the output response is similar under both cases of imperfect learning, the behavior
of component beliefs exhibit larger differences. Figure 11 displays the responses of persistent
and transitory component beliefs to a transitory shock. Under simple learning, all changes
in output are inferred to be due to changes in the underlying shock components. The rein-
forcing feedback of component beliefs into equilibrium output unanchors expectations under
simple learning relative to the other perceived laws of motion which partially account for this
equilibrium feedback in their belief formation. In contrast, under constrained-rational learning
component beliefs respond by less and more closely resemble rational learning.

Why is the output response under constrained-rational learning more similar to simple
learning, if its component beliefs are more similar to rational learning? To explain this, it is
useful to consider the relative magnitude of the response of output to a given change in belief
components. Contrasting simple and constrained-rational learning, we see that beliefs respond
less under constrained-rational learning but deliver the same output response. As discussed
previously, the degree of amplification of beliefs is much larger under constrained-rational
learning because it accounts for some of the belief feedback. However, we see that the degree of
amplification is still muted compared to rational learning which accounts for the full quantity
of belief feedback.

The role of the belief multiplier χ Let us now consider how the belief multiplier χ affects
the evolution of component beliefs in the rational and constrained-rational cases. In the rational
case, the belief multiplier χ does not enter the component belief law of motion at all because
there is no belief feedback wedge. The reason is expectations update optimally by accounting
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for belief feedback into equilibrium output irrespective of its size.

Et[εt+1] = FEt−1[εt] + g′ (1εt − Et−1[εt])︸ ︷︷ ︸
Forecast error Yt−Et−1[Yt ]

Given expectations Et−1[εt] are predetermined and fully accounted for in the rational learning
perceived law of motion, the steady state Kalman gain g remains the same as in the simple
learning case and is also unaffected by the multiplier χ.

Conversely, we see that in the constrained-rational case, the belief multiplier χ enters into
the component belief law of motion resulting in a similar wedge to the simple learning case

Et[εt+1] = FEt−1[εt] + g′ (1εt + ã ⊙ (χh − 1)Et−1[εt])︸ ︷︷ ︸
Forecast error Yt−Et−1[Yt ]

where projection coefficients ã := (ã, b̃) and ⊙ is the element-wise (Hadamard) product.
Because the projection coefficients, which are functions of the belief multplier χ, directly

load on the belief components λt, ηt in the constrained-rational perceived law of motion, the
endogenous Kalman gains g are now affected by χ. This intuition for this is as follows. House-
holds do not explicitly account for belief feedback in their perceived law of motion. Nonethe-
less in estimating coefficients ã on components λt, ηt to best fit the observed dynamics of output
they partially pick up the influence of expectations feedback because λt, ηt are functions of past
component innovations embedded in expectations. This appears to them as if output fluctua-
tions are directly more sensitive to λt, ηt changes than just the unit direct shock effect would
suggest, causing the endogenous gain g to be lower when the multiplier χ is larger.

The differences in gains g determine the difference in the initial period response of com-
ponent beliefs in Figure 11. Even though the gain g is lower in the constrained-rational case,
which would suggest that output fluctuations should be less sensitive to changes in component
beliefs, the projection coefficients ã are typically larger when χ is larger, which goes in the op-
posite direction and amplifies the output response. These two forces largely cancel each other
out, resulting in similar responses of output under simple and constrained-rational learning.

5 Policy implications of macroeconomic inertia

This section discusses novel policy considerations that arise under constrained learning and
contrast them with typical policy transmission outcomes in full-information rational expecta-
tions HANK models. Under constrained learning, it is no longer desirable to be infinitely-
responsive to demand-driven fluctuations because of the risk of destabilizing expectations.
Gradual monetary policy approaches, in the form of a highly inertial Taylor rule, fail to sta-
bilize output as effectively relative to the full-information rational expectations benchmark.
The key reason is the inability of constrained learning to account for the future equilibrium im-
pacts of current policy commitments. Hence, inertial monetary policy only gradually stabilizes
output as past policy commitments accumulate into larger realized interest rate changes. The
effects of deficit-financed fiscal stimulus are prolonged because of the same mechanism, where
deferring deficits causes government debt holdings by households to accumulate, resulting in
larger wealth effects.
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5.1 Simple Taylor rules

The typical monetary policy prescription in response to demand shocks is to completely close
the output gaps they induce, which aligns with the welfare aims of inflation stabilization in
standard New Keynesian economies (Blanchard and Galı́ 2007). This divine coincidence will
likewise hold in my setting, assuming firms expectations are the same as households. Therefore
I use the discounted path of squared deviations of output from steady state as a simple welfare
measure to contrast counterfactual policy rules, which do not affect the steady state.

L =
∞

∑
t=0

βtY2
t (25)

I consider first the full-information rational expectations equilibrium response to a transitory
shock ηt. Given the unnormalized aggregate demand equation

Yt =
1

βω(1 + σϕ)

(1 − βω − βωσϕ)︸ ︷︷ ︸
Belief multiplier χ

∞

∑
h=1

(βω)hEt[Yt+h] + ηt


The equilibrium solution is given by Yt = bηt where the coefficient b is

b =
1

βω(1 + σϕ)︸ ︷︷ ︸
→ 0 as ϕ→∞

(
1 − 1 − βω − βωσϕ

1 + σϕ

)−1

︸ ︷︷ ︸
→(1−βω)−1 as ϕ→∞

Because welfare is given by the discounted squared loss of output, the optimal choice of the
Taylor coefficient that completely closes the output gap is for the monetary authority to be
infinitely responsive ϕ → ∞ =⇒ b → 0. Further, welfare loss strictly decreases as ϕ increases
for any finite ϕ. This shows that in the standard full-information rational expectations setting,
a counterfactual policy that is more responsive to demand shocks is always welfare-improving.

However, when agents form expectations with simple and constrained-rational learning
the optimal policy prescription differs. Simple learning yields the aggregate demand equation

Yt =
1 − βω − βωσϕ

1 + σϕ︸ ︷︷ ︸
→−βω as ϕ→∞

(
ρλ

1 − βωρλ
Et−1[λt] +

ρη

1 − βωρη
Et−1[ηt]

)
+

1
βω(1 + σϕ)︸ ︷︷ ︸
→ 0 as ϕ→∞

(λt + ηt)

In the infinitely-responsive ϕ limit, output is perfectly stabilized at the steady state if com-
ponent beliefs are fully anchored E−1[λ0] = E−1[η0] = 0. Unlike in the full-information ra-
tional expectations case, if ϕ is not taken fully to the infinite limit but instead is finite and
sufficiently large then the component beliefs Et[εt+1] and consequently output Yt itself will
be destabilized. Higher monetary responsiveness is therefore effective only up to a point, a
limitation that is similarly demonstrated in Eusepi et al. (2024).

Figure 12 demonstrates that this behavior also holds in the constrained-rational learning
case. The shared reason in both simple and constrained-rational learning is the expectation
feedback wedge that appears in the belief component law of motion is increasingly negative
as ϕ increases. The intuition is by consuming more on the basis of positive component beliefs,
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Figure 12: Output (de-)stabilization under different Taylor rule ϕ

Note: Each line represents the impulse response of output to a transitory demand shock in an economy with different
Taylor rule coefficients ϕ.

the monetary authority raises interest rates sufficiently to induce a contraction in output. This
causes households to mistakenly infer that the shock components were actually realized to be
negative and larger in magnitude than previously anticipated. The result is an increasingly
unstable negative feedback loop, resulting in the explosive oscillation of the high ϕ case shown
in Figure 12.

However, with mildly elevated responsiveness in the medium ϕ we see not only a reduced
level response of output to the shock but also the absence of output inertia. Even though there
is an expectation wedge in the component belief law of motion that in principle contributes
to inertia, by choosing a Taylor coefficient ϕ that sets the belief multiplier χ close to zero en-
ables the monetary authority to shut down the expectation feedback loop that induces inertia
through endogenous expectations unanchoring.

In choosing an optimal level of responsiveness to demand shocks, a monetary authority
facing households with learning constraints should not respond as forcefully as in rational
benchmarks because of the risk of destabilizing expectations.

5.2 Inertial Taylor rules and monetary policy gradualism

A popular Taylor rule specification includes a lagged or “inertial” term

rt = ρrt−1 + ϕYt

Early justifications for this approach were based on observed inertia in interest rate policy
(Clarida et al. 1998). However whether the policy rules themselves are inertial or are simply
responding to inertial economic conditions was subject to debate (Rudebusch 2005). Other
justifications for inertial policy rules include uncertainty about the effects of policy Sack (1998)
and their ability to implement optimal allocations when forward-looking agents understand
the dynamic implications of policy commitments as in (Woodford 1999).

I expand briefly on this latter reason by demonstrating the inability of constrained-rational
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and simple learning to fully understand dynamic policy commitments. The intuition for this
closely resembles the expectation feedback mechanism discussed in the previous section. Just
as constrained households are unable to fully internalize the equilibrium feedbacks of future
expected output changes on current output, so too are they unable to internalize the effects of
current policy commitments on future expected output which in turn has equilibrium conse-
quences for current output.

The aggregate demand equation for output Yt for arbitrary subjective expectations Et, where
households understand the inertial form of the policy rule and its parameters yields

Yt = − σϕ̄

1 + σϕ̄

(
∞

∑
ℓ=1

ρℓYt−ℓ

)
︸ ︷︷ ︸
Policy commitments in rt−1

+
1 − βω − βωσϕ̄

1 + σϕ̄

∞

∑
h=1

(βω)h−1Et[Yt+h] +
1

βω(1 + σϕ̄)
εt

The “effective” Taylor coefficient ϕ̄ = ϕ
1−βωρ demonstrates that whether policy responds

contemporaneously via ϕ or with a delay via ρ, there is a way to equate their effective contri-
bution toward current equilibrium output Yt conditional on future expectations {Et[Yt+h]}h>0.
Hence, in response to an unanticipated shock at time-0, absent pre-existing policy commit-
ments r−1 = 0 and fixing a given path of future expectations {Et[Yt+h]}h>0 the response of
time-0 output Y0 should be the same for a continuum of regimes (ρ, ϕ) that induce the same
effective ϕ̄.

However, the crucial step in the above consideration is that the path of future expectations
was held fixed. Consider if households correctly perceived time-t + h output used to inform
time-t consumption which determines time-t output in equilibrium.

Ỹt+h = − σϕ̄

1 + σϕ̄

(
∞

∑
ℓ=1

ρℓỸt+h−ℓ

)
︸ ︷︷ ︸

Function of {εt+h−ℓ}ℓ>0

+
1 − βω − βωσϕ̄

1 + σϕ̄

∞

∑
j=1

(βω)j−1Et+h[Yt+h+j]︸ ︷︷ ︸
Function of {εt+h−ℓ}ℓ≥0

+
1

βω(1 + σϕ̄)
εt+h

By correctly perceiving future output at time-t + h, households understand that current pol-
icy decisions which respond to current shocks will persist into time-t + h with persistence ρ.
Hence, two regimes with the same effective ϕ̄ would exhibit different equilibrium responses
of output at time-0 if households perceptions correctly detected that the regime with higher
policy rule persistence ρ would continue to respond more forcefully in future periods to the
time-0 shock.

However, when learning rules are restricted to load on contemporaneous shocks as in the
constrained-rational and simple learning cases where Ỹt+h can only be a function of εt+h, we
see both expectation feedback in {Et+h[Yt+h+j]}j>0 and lasting effects of current policy com-
mitments on future output {Ỹt+h−ℓ}ℓ>0 must be partially ignored. This is again because con-
temporaneous shocks εt+h cannot span the space of all past shocks {εt+h−ℓ}ℓ>0.

To demonstrate the consequences for welfare, I utilize the discounted squared output loss
L in Equation (25) from before and consider two policy regimes. I call the first policy regime
the “swift” policy regime, (ρS, ϕS), and the second one the “gradual” policy regime, (ρG, ϕG),
where the swift regime exhibits less inertia ρS < ρG and greater contemporaneous responsive-
ness ϕS > ϕG. I choose these regimes to equate their welfare loss from a transitory shock under
a full-information rational expectations benchmark.
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(a) Output response under FIRE (b) Output response under learning

(c) Interest rate response under FIRE (d) Interest rate response under learning

Figure 13: Output and interest rate impulse responses to an ηt shock across monetary regimes

Note: The top panels represent the impulse responses of output to a transitory demand shock and the bottom panels
the analogous responses for the real interest rate. The left column plots the impulse responses under full-information
rational expectations (FIRE), and the right column under constrained learning.

Figure 13 demonstrates the responses to a transitory shock of output in the top panel and
interest rates in the bottom panel for the swift and gradual regimes. The left column of re-
sponses are under the full-information, rational expectations (FIRE) benchmark and the right
column are with constrained-rational learning. Focusing first on the FIRE case, we see that un-
der both regimes output responds immediately, where interest rates in the swift regime rise by
more initially bringing output down by more. However, this difference only lasts for two quar-
ters before output in the gradual regime crosses the swift regime even though interest rates in
the gradual regime have yet to catch up to the swift regime. This occurs because households
rationally understand the accumulated effects of interest rate changes will persist for a long
time and reduce consumption spending accordingly.

In contrast, under learning we see that output continues to be less contained in the gradual
than in the swift regime until gradual regime interest rates exceed those of the swift regime.
Figure 14 demonstrates the difference in current-period discounted welfare −βtY2

t between
the two regimes. Because these regimes were chosen to equate total welfare loss under full-
information rational expectations, the area under the blue curve in Figure 14 integrates to 1. We
see that the swift regime achieves higher initial welfare for the first two quarters by responding
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more forcefully but the gradual regime slowly makes up for the welfare difference in the long-
run. However, with learning because the gradual regime is less effective at containing output
in the short-run due to frictions households face in forward reasoning, the initial differences in
welfare loss are too large to be offset by persistently higher rates and a smaller output response
in later periods.

Figure 14: Monetary regime welfare differences under different models of expectation formation

Note: The measure of welfare loss is the discounted squared output deviation each quarter. Each line corresponds to the
difference in welfare loss incurred between the swift and gradual policy regime under a different model of expectation
formation. When the lines exceed zero, the swift regime incurred a lower discounted welfare loss in that quarter and
vice versa. The regimes were chosen such that the area between the blue curve and zero integrates to zero.

5.3 Deferred financing and the delayed impacts of fiscal stimulus

One of the key differences in the policy implications of heterogeneous-agent versus representative-
agent macroeconomic models are their responses to fiscal stimulus (Auclert et al. 2024, Angele-
tos et al. 2023). Representative-agent models have Ricardian equivalence and hence the effects
of government spending or transfer policies are unaffected by the timing of financing. Con-
versely, deficit-financed spending and transfers induce large and immediate output responses
in heterogeneous-agent models. Further, the magnitude of these responses increase the further
financing is delayed.

When households face learning constraints, as considered in this paper, there are additional
implications of financing delays for the time profile of output in response to fiscal stimulus.
In particular, deferred financing can delay the peak response to fiscal stimulus, potentially
reducing its effectiveness if the policymaker desires immediate results. Prolonging deficits
additionally stretches out the cumulative response of output across a much longer horizon,
running the risk that stimulus will last longer than intended and beyond the initially desired
period of fiscal support. The propagation channels that induce these effects are similar to those
in governing expectation feedback and prior monetary policy commitments.

I consider a simple form of fiscal policy that resembles the setting in Angeletos et al. (2023).
The government issues real-valued debt Bt that is financed by a lump-sum tax Tt. Lump-sum
taxes adjust to repay debt gradually, where the speed of repayment is given by δ ∈ (0, 1). The
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(a) Normalized response under FIRE (b) Normalized response under learning

(c) Discounted cumulative response under FIRE (d) Discounted cumulative response under learning

Figure 15: Output impulse responses to a transfer shock ζt across debt repayment speed regimes

Note: The top panel displays the output impulse response under each debt repayment regime, where the peak response
is normalized to one. The bottom panel displays the share of the cumulative impulse response of output, discounted
by the inverse gross interest rate.

linearized government budget constraint and tax rule are given by

Bt =
1
β
(Bt−1 − Tt)

Tt = δBt−1 − (1 − δ)ζt

I assume there is no outstanding government debt in steady state B = 0, and ζt denotes an i.i.d
deficit shock which I will use in the following policy exercise. By assuming debt is real-valued,
I omit the possibility that surprise inflation erodes the real value of debt through nominal
revaluation so we can still maintain our focus on real output alone. In addition, we now need
to enforce asset market clearing between household wealth and government debt.

At = Bt

Given this setting we can again derive an aggregate demand equation that determines equilib-
rium output that is analogous to Equation (13) in Angeletos et al. (2023) but without the real
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interest rate peg.

Yt =
1

1 − χ

(
(1 − βω)(1 − ω)(1 − δ)

1 − ω(1 − δ)
(Bt−1 + ζt) + χ

∞

∑
h=1

(βω)hEt[Yt+h] + εt

)

where the belief multiplier χ := (1 − βω − βωσϕ) as before.
Figure 15 displays the response of output to a time-0 deficit shock ζ0 under fast (large δ) and

slow (small δ) debt repayment regimes. The top panel displays the response of output with its
peak period normalized to one, and the bottom panel displays the cumulative response of
output, discounted by the inverse steady state gross interest rate (1 + r)−1 ≡ β with a total
response normalized to one. The left column displays the responses under a full-information
rational expectations (FIRE) benchmark and the right column under constrained-rational learn-
ing.

In the FIRE case, we see that the initial response of output to a one-time fiscal transfer
is peaked on impact and monotonically decreasing. This is because the full dynamic effects
of higher debt holdings and slower debt repayment are internalized on impact by house-
hold consumption decisions. A large share of the discounted cumulative response of output

∑∞
t=0(1 + r)−tYt, which is a commonly-used measure of the size of fiscal stimulus (Mountford

and Uhlig 2009), also occurs at relatively short horizons. In the FIRE case, half of the discounted
cumulative output response occurs immediately under the fast debt repayment regime and af-
ter five quarters in the slower repayment regime. In contrast, with constrained-learning there
is a difference in the peak output response of one year between regimes and ten quarters for
the discounted cumulative response, more than double the gap under FIRE.

6 Conclusion

This paper demonstrates that canonical heterogeneous-agent models are not just consistent
with aggregate consumption inertia but fundamentally contribute to its emergence. I first
show that the minimal structure imposed by these models yield model-implied impulse re-
sponses that closely resemble observed consumption inertia. I then adopt a learning model
that matches the over-extrapolation bias displayed in the expectations data to identify the fea-
tures of expectations that cause inertia to arise. An interaction between over-extrapolation bias
and the belief multiplier, a key model quantity representing the size of equilibrium amplifica-
tion, determines whether inertia emerges and how protracted it is.

The learning frictions that result in inertial amplification yield additional costs of monetary
policy gradualism and the deferred financing of fiscal deficits. Under rational expectations
these policy approaches can produce a large and immediate consumption response because of
households ability to accurately reason far into the future. In the learning model I consider,
where households far-horizon reasoning is constrained, delayed policy action induces expec-
tations to unanchor which can reduce policy effectiveness and lengthens policy transmission
lags.
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A Additional impulse response results

A.1 Impulse response comparisons with confidence bands

(a) One-quarter ahead Bluechip expectation (b) Two-quarters ahead Bluechip expectation

(c) Three-quarters ahead Bluechip expectation (d) Four-quarters ahead Bluechip expectation

Figure 16: Real disposable income impulse responses to a Känzig (2021) oil shock

Note: each panel contains an impulse response function of realizations (black) and a fixed horizon-h (blue) forecast
from Bluechip survey expectations data to a positive Känzig (2021) oil price news shock. The dashed lines are 68%
confidence bands produced using moving block bootstrap by Jentsch and Lunsford (2019).
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(a) One-quarter ahead Bluechip expectation (b) Two-quarters ahead Bluechip expectation

(c) Three-quarters ahead Bluechip expectation (d) Four-quarters ahead Bluechip expectation

Figure 17: CPI inflation impulse responses to a Känzig (2021) oil shock

Note: each panel contains an impulse response function of realizations (black) and a fixed horizon-h (blue) forecast
from Bluechip survey expectations data to a positive Känzig (2021) oil price news shock. The dashed lines are 68%
confidence bands produced using moving block bootstrap by Jentsch and Lunsford (2019).
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(a) One-quarter ahead Bluechip expectation (b) Two-quarters ahead Bluechip expectation

(c) Three-quarters ahead Bluechip expectation (d) Four-quarters ahead Bluechip expectation

Figure 18: Nominal federal funds rate impulse responses to a Känzig (2021) oil shock

Note: each panel contains an impulse response function of realizations (black) and a fixed horizon-h (blue) forecast
from Bluechip survey expectations data to a positive Känzig (2021) oil price news shock. The dashed lines are 68%
confidence bands produced using moving block bootstrap by Jentsch and Lunsford (2019).

A.2 Other models of expectation formation

Figure 19 illustrates the difficulty that many existing models of expectation formation have
matching impulse responses of expectations data. The left column plots the impulse response
functions of each variables’ realization, the one-quarter ahead Bluechip survey expectation
and the same expectation implied by models of expectation formation. The right column plots
the impulse response functions for the four-quarter ahead expectations. The horizons of each
expectational impulse response is (vertically) aligned to the period it is forecasting.

The over-extrapolation model is the model from Equation (16) and whose hair plot is dis-
played in Figure 2. As shown earlier, the over-extrapolation model is able to rationalize the
Bluechip expectations impulse responses across variables, time, and horizons. We can simi-
larly construct impulse responses implied by a number of other models, treating the realized
impulse response as the relevant full-information rational expectations (FIRE) benchmark.
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(a) Real disposable income, one-quarter ahead exp. (b) Real disposable income, four-quarters ahead exp.

(c) CPI inflation, one-quarter ahead exp. (d) CPI inflation, four-quarters ahead exp.

(e) Nominal Fed funds rate, one-quarter ahead exp. (f) Nominal Fed funds rate, four-quarters ahead exp.

Figure 19: Expectation data and model impulse response comparisons

Note: each panel contains impulse response functions of realizations (black) and expectations data or model expecta-
tions (color) to a positive Känzig (2021) oil price news shock. The left column contains impulse response functions of
one-quarter ahead expectations, and the right column contains analogous responses of four-quarter ahead expectations.

The impulse response implied by the Gabaix (2019) model of cognitive discounting with
cognitive discount parameter θ is

Ψ(ECD
t [Yt+h], εt−ℓ) = θh Ψ(Yt+h, εt−ℓ)︸ ︷︷ ︸

Full-information rational expectation IR
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Cognitive discounting implies uniform under-reaction relative to FIRE, where the degree of
under-reaction increases with the horizon. Hence, the expectation impulse response under
cognitive discounting (gold dot-dashed) under-reacts by more for the four-quarter ahead ex-
pectation (right panel) than the one-quarter ahead expectation (left panel). While we see that
this under-reaction is largely consistent with Bluechip expectations of real disposable income,
it is inconsistent with Bluechip expectations of CPI inflation. Figure 19 uses θ = 0.85 from
Gabaix (2019).

The impulse response implied by the Carroll et al. (2020) model of sticky expectations with
parameter θ for horizon h > 0 is

Ψ(ESE
t [Yt+h], εt−ℓ) = (1 − θℓ+1) Ψ(Yt+h, εt−ℓ)︸ ︷︷ ︸

Full-information rational expectation IR

Sticky expectations implies uniform under-reaction relative to FIRE, where the degree of under-
reaction decreases with the time elapsed since the initial shock. While this model of expecta-
tion formation struggles to match the CPI inflation expectations for this reason, similarly to
cognitive discounting, it also implies too much under-reaction at early periods of the impulse
response for each horizon. In contrast to this model, the Bluechip expectations do not exhibit
more pronounced under- or over-reaction in early impulse response periods. Figure 19 uses
θ = 0.935 estimated in Auclert et al. (2020).

The impulse response implied by the Bordalo et al. (2020) model of dispersed noisy infor-
mation and diagnostic expectations with parameters θ, τ, the diagnosticity and signal-to-noise
precision ratio, is

Ψ(ENIDE
t [Yt+h], εt−ℓ) =

(1 + θ)
(

1
τ+1

)
Ψ(Yt+h, εt) for ℓ = 0(

(1 + θ)
(

ℓ+1
τ+ℓ+1

)
− θ

(
ℓ

τ+ℓ

))
Ψ(Yt+h, εt−ℓ) for ℓ > 0

This is obtained by first considering the diagnostic expectation relative to the noisy information
rational expectation benchmark, denoted Ẽt

EDE
t [Yt+h] = Ẽt[Yt+h] + θ(Ẽt[Yt+h]− Ẽt−1[Yt+h])

All agents receive a signal st each period about the exogenous impulse response shock εt−ℓ of
the form st = εt−ℓ + νt, as in the Appendix of Auclert et al. (2020). Let τ denote the ratio of
(constant) signal precision (inverse standard deviation of νt) to the precision of εt−ℓ. Then the
impulse response of the horizon-h noisy information rational expectation can be written as

Ψ(Ẽt[Yt+h], εt−ℓ) =
ℓ+ 1

τ + ℓ+ 1
Ψ(Yt+h, εt−ℓ)

On the initial shock impact period when ℓ = 0, past expectations Et−1 are still anchored at 0,
hence the ℓ = 0 case in the above impulse response of the noisy information, diagnostic expec-
tation. However, after ℓ > 0, the full-information rational expectation of the prior referenced
period will fully adjust, hence Et = Et−1 for ℓ > 0.

I use estimated values of θ, τ from Bordalo et al. (2020) for the noisy information, diagnostic
expectation of variables plotted in Figure 19. For real disposable income expectations, I use the
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Consumption-Savings Models

Extrapolation Parameter Perpetual Youth Standard Incomplete Markets Rep. agent

AR(2)
EIS 0.08 0.09 0.00

MPC 0.04 0.05 0.005

AR(1)
EIS 0.11 0.07 0.00

MPC 0.05 0.07 0.005

AR(1) of AR(1)s
EIS 0.06 0.07 0.00

MPC 0.05 0.07 0.005

“Over-extrapolation”
EIS 0.01 0.10 0.00

MPC 0.03 0.07 0.005

Table 4: Estimated parameters across missing-horizon extrapolation models

Note: Each panel contains of estimated parameters for each consumption-savings model under different extrapolation
methods for missing expectations data horizons. The parameter estimates enforce that the steady state assets-to-income
ratio is equal to the initial calibration target.

estimated values in Bordalo et al. (2020) for Bluechip real GDP growth expectations. They esti-
mate θ, τ for CPI inflation and the nominal Federal funds rate expectations from the Bluechip,
so I use exactly those values for these variables.

While in principle diagnostic expectations can produce over-reaction, due to the diagnos-
ticity parameter θ, in Bordalo et al. (2020) the values of τ are sufficiently large that the average
expectation does not display over-reaction, as it would with pure diagnostic expectations as in
Bordalo et al. (2018).

A.3 Extrapolating missing horizons of expectations data

In Section 3.4, I discussed the need to extrapolate the missing horizons of expectations data.
While the Bluechip expectations data has forecasts for a finite number of horizons, we need
an infinite set of horizons of expectations to evaluate model-implied consumption. To obtain
these missing horizons, I estimate an auxiliary, parametric model on the existing horizons and
impulse response periods and use it to extrapolate the missing horizons.

Using two-stage least squares where moments in Equation (10) are targeted with weights
given by the inverse covariance matrix of the sequence of instruments {zt−ℓ}, I estimate the
following auxiliary models, which result in the parameter estimates I report in Table 4. I also
impose an additional penalty on each model to ensure that the far-horizon expectations implied
by each model are stationary, that is

lim
h→∞

E[Ft[Wt+h; ϑ]zt−ℓ] = 0

Note that the top panel of Table 4 is the baseline extrapolation I choose in the main set of results
reported in Table 3 in the main body of the paper.

The AR(2) and AR(1) are the standard univariate autoregressive processes, with two and
one period lags respectively. The “AR(1) of AR(1)s” is a single lag autoregressive process,
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whose innovation term is also an AR(1) process. This functional form choice is motivated by
the functional form of the equilibrium law of motion of output Yt in Section 4, where the belief
component law of motion follows a vector equivalent of a “AR(1) of AR(1)s”. Finally, the
“over-extrapolation” model is the one given by Equation (16) and displayed in Figure 2.

B Proofs and derivations

B.1 Proof of Proposition 1

Let the persistent shock component λt and the transitory shock component ηt each follow
AR(1) processes

λt = ρλλt−1 + uλ,t

ηt = ρηηt−1 + uη,t

The perceived law of motion Ỹt and equilibrium law of motion of output Yt are given by

Ỹt = λt + ηt

Yt = χ(hλEt−1[λt] + hηEt−1[ηt]) + λt + ηt

where hλ := ρλ
1−βωρλ

and hη is analogously defined with respect to ρη . Beliefs about each shock
component evolve according to the Kalman update equation[

Et[λt+1]

Et[ηt+1]

]
=

[
ρλ 0
0 ρη

] [
Et[λt+1]

Et[ηt+1]

]
+

[
gλ

gη

]
(Yt − Et−1[Yt])

where the subjective expectation Et−1[Yt] = Et−1[λt] + Et−1[ηt] is the conditional expectation of
output induced by the perceived law of motion, given the history of past output observations
{Yt−ℓ}ℓ>0, and gλ, gη are the steady state Kalman gains under the perceived law of motion.

Evaluating and re-organizing terms in the belief component law of motion, we obtain[
Et[λt+1]

Et[ηt+1]

]
=

([
ρλ 0
0 ρη

]
+

[
gλ(χhλ − 1) gλ(χhη − 1)
gη(χhλ − 1) gη(χhη − 1)

])
︸ ︷︷ ︸

Let A:=

[
Et−1[λt]

Et−1[ηt]

]
+

[
gλ gλ

gη gη

]
︸ ︷︷ ︸

Let G:=

[
λt

ηt

]

(26)
where I require the eigenvalues of A to be within the unit circle, such that the belief component
law of motion is stationary.

Inertia at time-1 for Yt to exhibit inertia with respect to an innovation to a component shock,
the net increase in belief feedback at time-1 must exceed the decay from the direct effect of the
component shock.

Consider a time-0 positive innovation to a component shock e0 > 0, where e0 ∈ {λ0, η0}.
At time-0, only the direct shock effect occurs so Y0 = e0, given beliefs prior to time-0 are zero
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in steady state. At time-1, we have [
E0[λ1]

E0[η1]

]
=

[
gλ

gη

]
e0

Evaluating Y1 and solving for the threshold Y1 > Y0, we obtain the lower bound

χ >
1 − ρe

hλgλ + hη gη
> 0 (27)

Let us denote this lower threshold for χ as Xe,0. Given the range of permissible parameters,
where β, ω, ρe ∈ (0, 1), it must be that this threshold is strictly positive, i.e. Xe,0 > 0. Thus, if
χ > Xe,0, then Yt will exhibit inertia with the inertial peak period ℓ̄ ≥ 1.

Regularity conditions on A A necessary condition for Yt to be increasing with time-t up
until an inertial peak period ℓ̄, is for the belief feedback term, χ(hλEt−1[λt] + hηEt−1[ηt]), to
be increasing with time-t. I now derive some restrictions on parameters, or equivalently regu-
larity conditions on A, that ensures that the belief feedback term χ(hλEt−1[λt] + hηEt−1[ηt]) is
positive for all time-t. For times-t leading up to the inertial peak period ℓ̄ this is required for
the necessary condition to hold18.

Positive, real eigenvalues of A
For the eigenvalues of A to be real (note that A is not positive semi-definite), the discriminant
of its characteristic polynomial must be positive. This can be simplified to checking whether
the following expression is greater than zero

(ρλ − ρη)
2 + (θλ + θη)

2 + 2(ρλ − ρη)(θη − θλ) > 0

where θλ := gλ(1 − χhλ) and likewise for θη . Given our definitions of χ := (1 − βω − βωσϕ)

and the range of permissible parameters, it must be that θλ, θη > 0. Hence, simplifying the
above expression in terms of lower bound on χ, we obtain

χ ≥
gλ − gη

hλgλ − hη gη
(28)

which ensures the eigenvalues of A are real.
For the eigenvalues to be positive, we have

w1 + w2 = ρλ + ρη − θλ − θη

w1w2 = ρλρη − ρλθη − ρηθλ

18This is potentially stronger than necessary for bounding the absolute value of the Wold coefficients of Yt for times-
t > ℓ̄ to be less than the time-ℓ̄ coefficient. However, another way to justify the strength of these regularity conditions
for periods after ℓ̄ is if we desire Yt to return to its steady state at zero without “over-shooting” and becoming negative
in response to a positive component shock. If so, these regularity conditions will ensure this.
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The following lower bounds on χ ensure that the eigenvalues will be positive

χ ≥
gλ − 1

2 ρλ

hλgλ
, χ ≥

gη − 1
2 ρη

hη gη
(29)

with at least one holding as a strict inequality.

Effective horizons, gains h, g′ and eigenvectors of A
Given the χ lower bound in (27) and θλ, θη > 0, the matrix A will have positive diagonal
entries and negative off-diagonal entries. Due to this, the eigenvector v1 corresponding to the
dominant eigenvalue w1 > w2 will have one positive v11 > 0 and one negative entry v12 < 0.
The non-dominant eigenvector v2 will solely have positive entries, i.e. v21, v22 > 0.

Consider the following expression, where we can unwind the recursion in Equation (26)
given the initial component shock e0[

Et[λt+1]

Et[ηt+1]

]
=

t

∑
ℓ=0

At−ℓg′ρℓee0

Left-multiplying by h to compute the contribution of belief feedback and expanding the eigen-
decomposition of A = VWV−1, we obtain

h

[
Et[λt+1]

Et[ηt+1]

]
= hV

t

∑
ℓ=0

Wt−ℓV−1g′ρℓee0

With the conditions
hλ

hη
> −v12

v11
,

gλ

gη
<

v22

v21
(30)

the above expression constitutes the sum of strictly positive, bilinear forms which itself must
be positive, hence we will have as desired

h

[
Et[λt+1]

Et[ηt+1]

]
> 0, ∀t

Without condition (30), we cannot ensure the belief feedback term is positive for any time-t.

Inertia at time-t I now proceed with the induction to prove that the inertial peak ℓ̄ is (weakly)
increasing in χ, assuming conditions (27), (28), (29), (30) hold.

Suppose Yt−ℓ > Yt−ℓ−1 for ℓ ∈ {0, t}, and at time-t + 1 we have Yt+1 = Yt, placing the
inertial peak ℓ̄ = t. The equality Yt+1 = Yt can be written as

χ(hλ∆Et[λt+1] + hη∆Et[ηt+1]) = (1 − ρe)ρ
t
ee0 (31)

where ∆Et[λt+1] := Et[λt+1]− Et−1[λt] and likewise for η.
Our goal is to demonstrate that as χ increases the left-hand side exceeds the right-hand side

which is invariant to χ, thus shifting the inertial peak to ℓ̄ = t + 1. If Equation (31) held with
an inequality <, then a marginal increase in χ would not shift the peak, hence this result only
implies ℓ̄ is weakly increasing in χ.
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Differentiating the left-hand side of Equation (31), we obtain

=χ−1(1−ρe)ρt
ee0>0︷ ︸︸ ︷

hλ∆Et[λt+1] + hη∆Et[ηt+1] +

χ(hλ∂χ∆Et[λt+1] + hη∂χ∆Et[ηt+1])

Given χ > 0 by Equation (27), it suffices to verify hλ∂χ∆Et[λt+1] + hη∂χ∆Et[ηt+1] > 0.

Differentiating the component beliefs in Equation (26) with respect to χ, we obtain[
∂χEt[λt+1]

∂χEt[ηt+1]

]
= A

[
∂χEt−1[λt]

∂χEt−1[ηt]

]
+ g′h

[
Et−1[λt]

Et−1[ηt]

]

Differencing, unwinding the recursion, and left-multiplying again by h we obtain

h

[
∂χ∆Et[λt+1]

∂χ∆Et[ηt+1]

]
= hVWt−1V−1g′h

[
E0[λ1]

E0[η1]

]
+ hV

t−1

∑
ℓ=1

Wt−1−ℓV−1g′h

[
∆Et[λt+1]

∆Et[ηt+1]

]
> 0

Finally, given the χ > 0 by Equation (27) and the above expression, we have

χ(hλ∂χ∆Et[λt+1] + hη∂χ∆Et[ηt+1]) > 0

which implies the left-hand side of Equation (31) is strictly increasing in χ.

B.2 Proof of Proposition 2

Given ηt is i.i.d, the output law of motion under rational learning is given by

YR
t =

χhλ

1 − χhλ
Et−1[λt] + λt + ηt (32)

and the output law of motion under constrained-rational learning is given by

YCR
t = χhλ (1 − ρ2

λ)
∞

∑
ℓ=0

ρℓaℓ︸ ︷︷ ︸
Denote ã:=

Et−1[λt] + λt + ηt (33)

aℓ denote the Wold coefficients of YCR
t with respect to persistent component innovations uλ,t−ℓ.

Given ηt is i.i.d, the component belief law of motion for λt under rational learning is given
by

Et[λt+1] = (ρλ − gλ)︸ ︷︷ ︸
Denote fλ :=

Et−1[λt] + gλ(λt + ηt) (34)

and under constrained-rational learning

Et[λt+1] = (ρλ − g̃λ ã(1 − χhλ))︸ ︷︷ ︸
Denote f̃λ :=

Et−1[λt] + g̃λ(λt + ηt) (35)
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To simplify Equation (35), compare the Kalman gains gλ, g̃λ under the two different perceived
state space models. The perceived law of motion under rational learning yields the measure-
ment equation

YR
t =

χhλ

1 − χhλ
Et−1[λt] + λt + ηt

Under constrained-rational learning, the measurement equation is

YCR
t = ãλt + ηt

Given Et−1[λt] is pre-determined in YR
t and the state transition equations under rational and

constrained-rational learning are known to be the same, the steady state variance of the one-
step ahead prediction errors p is the same. Applying the steady-state Kalman gain formula

under constrained-rational learning and setting σ2
η =

σ̃2
η

ã obtains g̃λ ã = gλ.
Denote the Wold decompositions of YR

t , YCR
t as

YR
t =

∞

∑
ℓ=0

aR
ℓ uλ,t−ℓ + bR

ℓ uη,t−ℓ

YCR
t =

∞

∑
ℓ=0

aCR
ℓ uλ,t−ℓ + bCR

ℓ uη,t−ℓ

Yt responses to a transitory innovation uη,0

Iterating Equations (34), (35) forward and plugging into (32), (33), we obtain the expressions
for the Wold coefficients with respect to a transitory innovation t-periods ago

bR
t =

χhλ

1 − χhλ
gλ f t−1

λ

bCR
t = χhλgλ f̃ t−1

λ

The inequality bR
t > bCR

t can be written as

1
1 − χhλ

(
fλ

f̃λ

)t−1
> 1 (36)

Therefore, in the initial period (time-1) in which beliefs respond the inequality will hold be-
cause (1− χhλ)

−1 > 1, given 1− χhλ ∈ (0, 1) for χ > 0. However, as t → ∞, the left-hand side
approaches zero because the ratio fλ

f̃λ
∈ (0, 1). This indicates that at some positive period t̄ > 1

the inequality will no longer hold.

Yt responses to a persistent innovation uλ,0 Iterating Equations (34), (35) forward and
plugging into (32), (33), we obtain the expressions for the Wold coefficients with respect to a
persistent innovation t-periods ago

aR
t =

χhλ

1 − χhλ
gλ

t−1

∑
ℓ=0

f t−1−ℓ
λ ρℓλ + ρt

λ

aCR
t = χhλgλ ã

t−1

∑
ℓ=0

f̃ t−1−ℓ
λ ρℓλ + ρt

λ
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The expression for aCR
t is implicit, since ã contains Wold coefficients {aℓ}ℓ≥0. Unwinding

the implicit expression in ã and solving out the following sum

t−1

∑
ℓ=0

f t−1−ℓ
λ ρℓλ =

ρt
λ − f t

λ

ρλ − fλ

and likewise for f̃λ, we obtain

aR
t =

χhλ

1 − χhλ
gλ

(
ρt

λ − f t
λ

ρλ − fλ

)
+ ρt

λ

aCR
t = χhλgλ

(
ρλ

1 − f̃λρλ

χhλgλ + 1
)(

ρt
λ − f̃ t

λ

ρλ − f̃λ

)
+ ρt

λ

Setting the inequality aR
t > aCR

t and simplifying we obtain

ρt
λ − f t

λ

ρt
λ − f̃ t

λ

> 1 +
ρλ

1 − f̃λρλ

χhλgλ

Given 0 < fλ < f̃λ < ρλ, the left-hand side is positive and increasing in time-t. Checking the
inequality at time-1, I obtain

1
1 − χhλ

>
ρλ

1 − f̃λρλ

χhλgλ + 1

which further simplifies to 1 > ρ2
λ, which always holds for the cases we consider ρλ ∈ (0, 1).

Therefore, YR
t > YCR

t for all times-t.
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